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Abstract—This paper considers the joint design of bit loading,
precoding and receive filters for a multiple-input multiple-output
(MIMO) digital communication system employing decision feed-
back (DF) detection at the receiver. Both the transmitter as well as
the receiver are assumed to know the channel matrix perfectly. It is
well known that, for linear MIMO transceivers, a diagonal trans-
mission (i.e., orthogonalization of the channel matrix) is optimal
for some criteria. Surprisingly, it was shown five years ago that
for the family of Schur-convex functions an additional rotation of
the symbols is necessary. However, if the bit loading is optimized
jointly with the linear transceiver, then this rotation is unnecessary.
Similarly, for DF MIMO optimized transceivers a rotation of the
symbols is sometimes needed. The main result of this paper shows
that for a DF MIMO transceiver where the bit loading is jointly
optimized with the transceiver filters, the rotation of the symbols
becomes unnecessary, and because of this, also the DF part of the
receiver is not required. The proof is based on a relaxation of the
available bit rates on the individual substreams to the set of positive
real numbers. In practice, the signal constellations are discrete and
the optimal relaxed bit loading has to be rounded. It is shown that
the loss due to rounding is small, and an upper bound on the max-
imum loss is derived. Numerical results are presented that confirm
the theoretical results and demonstrate that orthogonal transmis-
sion and the truly optimal DF design perform almost equally well.

Index Terms—Channel coding, communication systems, fading
channels, MIMO systems, precoding.

I. INTRODUCTION

M ULTIPLE-INPUT multiple-output (MIMO) systems
have received much attention in recent years due to

the tremendous potential for high data throughput [1]. Under
the assumption that the transmitter knows the channel per-
fectly, the capacity-optimal precoding strategy is to linearly
orthogonalize the channel matrix using the singular value
decomposition (SVD). Information is optimally conveyed over
the orthogonal subchannels using infinitely long and Gaussian
distributed codewords, with data rates assigned to the subchan-
nels given by the so called waterfilling solution [1].
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One downside with the capacity-optimal transmission scheme
is the (infinitely) long codewords and the delay this brings to the
system. Clearly, long delay has some practical disadvantages, es-
pecially when considering time-varying channels, systems with
packet retransmission, or delay-sensitive applications. In most
cases it is mathematically intractable to provide a global perfor-
mance analysis of the delay-sensitive system as a whole, let alone
to jointly optimize the system. By only optimizing the lowest
layer of the communication chain, our hope is that the overall per-
formance also can be brought close to the optimum. This moti-
vates the separate analysis of the modulation part of the physical
layer—before we apply outer error-correcting codes. When not
considering error correcting codes, the system will suffer from an
inherent non-zero probability of detection error. Thus, not only
must the optimal design tradeoff uncoded data rate against power
usage, but it needs to consider the bit error rate as well. Although
SVD based, orthogonal, transmission is optimal in the sense of
maximizing the mutual information, it is not necessarily optimal
in this uncoded case.

In [2] and [3], it was shown that given a single-user link with
a linear receiver, for the class of Schur-concave objective func-
tions of the mean-square errors the orthogonal transmission is
indeed optimal, while for the class of Schur-convex objectives
it is not (an additional rotation of the transmitted symbols is
required). This conclusion, however, is for systems with fixed
signal constellations. Arguably the most common approach to
multi-channel digital communication is to adapt the constella-
tions for the subchannels according to their respective channel
gains. This adaptation, sometimes referred to as adaptive mod-
ulation or bit loading [4], [5], will subsequently affect the ob-
jective function that we use in the precoder design. In the case
of linear detection at the receiver, optimizing the constellations
leads to a Schur-concave objective function [6]. The conclusion
is that if the optimal constellations are used and if the receiver
is linear, then the optimal precoder will orthogonalize the sub-
channels just as the case was for the capacity-optimal precoder.

Interestingly, the same conclusion does not hold when using
an optimal maximum-likelihood (ML) detector at the receiver.
A joint constellation-precoder design was proposed in [7] that
demonstrated the suboptimality of orthogonal transmission for
this specific case. Another design was proposed in [8] that gives
the minimum BER solution for a 2 2 MIMO system with
quadrature phase-shift keying modulation. Both of these designs
include a rotation of the precoder such that the effective channel
is not orthogonalized. Apparently the ML detector can resolve
very complex multi-dimensional constellations that are more
power efficient than the linearly separable constellations of the
SVD-based precoder.
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An intermediate solution between the linear receiver and the
ML receiver is the decision feedback (DF) receiver [9]–[17]. In
general, the DF receiver has low decoding complexity compared
to the ML receiver [18], and for channels with inter-symbol inter-
ference the DF receiver outperforms the linear receiver in terms
of error performance (the linear receiver is a special case of the
DF receiver). In [16] and [17], it was shown that for multiplica-
tive Schur-concave objective functions orthogonal transmission
is optimal, while for multiplicative Schur-convex objectives a ro-
tation of the signal vector is needed (similar to the linear case).
This conclusion is for systems with fixed constellations.

This work investigates the problem of jointly optimizing the
precoder, receiver filters, and bit loading when using the DF re-
ceiver on a point-to-point communication system. The main re-
sult is that the optimal bit loading will result in an orthogonal-
izing precoder design. Decision feedback becomes superfluous
when the signal constellations are chosen properly. That said,
DF may still be advantageous since it allows us to redistribute
the bit loading on high-rate subchannels at a very low cost in
terms of reduced performance, which in turn means that a sub-
optimal bit loading will perform almost as well as the optimal
one. Another reason for using DF detection is that perfect trans-
mitter-side CSI may be an unrealistic assumption. Imperfect
transmitter-side CSI inevitably cause intersymbol interference
that can be reduced using DF (note that perfect CSI is required
for orthogonal transmission).

In addition to the results regarding bit loading, we show that
the problem of computing the optimal precoder and receiver fil-
ters for a fixed bit loading can be posed as a convex problem. An
algorithm that solves the convex problem with linear computa-
tional complexity is provided. Because of the low computational
complexity of the filter optimization, an exhaustive search for
the optimal bit loading becomes practically feasible—although
the main result of the paper suggests that an exhaustive search
is not necessary in most cases.

A. Notation

For an matrix , denote the vector of the diag-
onal elements . For a vector,

, of length , denote the diagonal matrix with diag-
onal as . For notational simplicity, define also

. The ’th element of the vector is denoted . The
vector of dimension with all ones is denoted , where the

may be scrapped if the dimension is clearly given from the
context. The function is defined as if , and

if . Rounding a real number to the closest in-
teger is denoted . The vector of element-wise absolute values
of a vector is denoted . The expected value of a random ma-
trix is denoted .

II. SYSTEM MODEL AND PROBLEM FORMULATION

Consider the discrete-time flat-fading linear model of a
MIMO communication system

(1)

where is the received signal, is the
channel matrix, is a precoding matrix, is

Fig. 1. Schematic view of the MIMO communication system with DF
detection.

the data-symbols vector, and is circularly symmetric
additive white Gaussian noise. The data symbols and the noise
are assumed to be normalized as , and .
The average transmitted power is limited such that

is satisfied.

A. Decision Feedback Receiver

In this work we assume that the receiver employs DF equal-
ization, a schematic view of the system is depicted in Fig. 1. The
received signal is linearly equalized using a forward filter, ,
and subsequently passed to an elementwise detector of the data
symbols. From the outcome of the detection, we reconstruct the
transmitted data symbols, , then use the reconstructed symbols
to remove interference between the symbols in the equalized
signal. In order to ensure that the DF detection is sequential, i.e.,
that we do not feedback symbols that has not yet been detected,
we enforce the feedback matrix to be strictly lower triangular.
The signal after the interference subtraction, , is then passed on
to the detector again. Taking the feedback into account, the error
prior detection is

(2)

If the probability of detection error is small, one can assume that
and are zero mean and have close to identical correlation

and cross-correlation matrices, and that is uncorrelated with
the noise . Using these approximations the error covariance
matrix is given by

(3)

Since the detection of the symbols is made elemen-
twise, we can regard the detection problem simply as detecting
a scalar signal in additive complex Gaussian noise.1 We denote
each virtual transfer function as a subchannel, for
which the performance is determined by its virtual noise power,

.
In general, sequential decision feedback does not restrict

us to use only lower-triangular feedback matrices, any joint
row-column permutation is also possible. However, in this
case where we are free to design both the precoder and the
bit loading, such permutation loses its purpose since it can be
absorbed into the other optimization parameters.

1Strictly speaking the interference part of the error is not complex Gaussian
distributed. However, combined with the noise we can tightly approximate the
interference as such by the law of large numbers.
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B. Cost Functions Based on the Weighted Mean-Square Error

A general framework was presented in [17] for optimizing the
DF system (i.e., the filters , and ) based on monotonic
cost functions of the MSEs of the subchannels. Our goal here
is to optimize not only these DF filters, but also the signal con-
stellations that are used on the subchannels. For mathematical
tractability in the later analysis we narrow down the class of
cost functions to -norms of weighted MSEs. More precisely,
consider the cost function , where is a
weighting matrix assumed to be diagonal and non-negative, and
the function

(4)

is the -norm of the diagonal elements of . The -norm is
defined for .

To illustrate how to apply the cost function (4) in practice,
consider minimizing the probability of detection error. Using
the Gaussian-tail function

(5)

the probability of error of subchannel can be approximated as

(6)

where denotes the squared minimum distance of a
signal constellation that was modulated using information
bits and has been normalized to unit variance [19]. Equation
(6) allows us to relate the MSE with the performance in terms
of error probability. It also indicates how we should chose the
MSE weighting matrix in our cost function. Namely, in
order to have symmetry among the subchannels, the weights
should be inversely proportional to the squared minimum
distance as

(7)

This will make the subchannels (approximately) symmetric
with respect to symbol error rate (SER), which is a relevant
measure, for example, if we want to minimize the joint proba-
bility of detection error. In the case when outer error correcting
codes are used it may be more relevant to have symmetric bit
error rates (BER) rather than SERs. Assuming Gray coded bit
mapping the BERs can be approximated as

(8)

For moderately low, to low BERs, it can be shown that the de-
pendency on in the BER expression is dominated by the SER
factor, . Hence, symmetric SERs can serve as a good ap-
proximation to attain symmetric BERs as well.

For most classes of constellations used in practice, the
minimum distance typically decreases exponentially with the

number of bits . For example, quadrature amplitude modu-
lated (QAM) constellations with even bit loading has minimum
distance

(9)

resulting in a weighting matrix (disregarding constant factors)

(10)

One objective could be to minimize the maximum error prob-
ability, , of the subchannels. Under the high-SNR assump-
tion, this objective translates into a cost function

(11)

corresponding to the norm.
Summarizing, if the SNR is high, the probability of error on a

subchannel depend to a large extent on the minimum distance of
the signal constellations. The minimum distance scales the MSE
of the subchannels, which leads to imbalances when different
types of signal constellations are used on different subchannels.
Using a cost function with weighted MSE this imbalance can
be compensated for. The parameter of the cost function can
be used to control how ‘flexible’ the system is in terms of the
spread of the error rates among the subchannels. Low results
in more spread, which may be disadvantageous since the worst
subchannel typically dominates. In general, and specifically for
high SNRs, the infinity norm seems to translate into the lowest
SERs in most cases.

C. Problem Formulation

With the definitions of the MSE matrix (3) and the cost func-
tion (4) in place, our problem can be mathematically formulated
as

(12a)

(12b)

(12c)

(12d)

(12e)

where the vector is the bit loading vector, and the set denotes
the set of feasible bit rates which is determined by the available
signal constellations. Typically, due to the discrete nature of bits,
this set is equal to the set of positive integers.

For a fixed bit loading, , the problem of designing the DF fil-
ters can be reformulated as a convex problem that can be solved
numerically. In Section III, it is shown how to apply the frame-
work in [17] to the particular problem considered here. In fact,
the problem can be solved very efficiently with linear compu-
tational complexity. Once the optimal bit rates are known, the
remaining problem is therefore fairly simple.
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As for the optimization of the bit loading, the set is discrete
and it is possible to numerically try out all feasible bit loading
combinations in order to find the global optimum. An alterna-
tive to such an exhaustive search is to relax the problem and ex-
tend the set to allow for arbitrary positive bit rates. We do this
by using (9) to relate these real-valued bit rates to virtual min-
imum-distance weights. This relaxation allows us to optimize
the bit loading for any given MSE matrix. In Section IV, the op-
timal relaxed bit loading is derived. The remaining problem of
jointly optimizing the DF filters is characterized in Section V,
together with a discussion on the loss due to rounding of the bit
rates. Finally, in Sections VI and VII, various practical strate-
gies for solving the joint problem are presented and evaluated
numerically.

III. DESIGN OF OPTIMAL FILTERS

Because the set of feasible bit loads is discrete, its optimiza-
tion is not easy to combine with the filter and precoder design.
This section treats the filter design problem alone, assuming a
fixed bit loading. The problem is formulated as

(13a)

(13b)

In [17, Theorem 4.3], it was shown how problems of this type
(with monotonic cost functions of the MSEs) can be reduced to
a power-loading problem involving a multiplicative majoriza-
tion constraint.2 In Sections III-A, III-B, and III-C, we will,
for completeness, apply this procedure to problem (13), and
give the filter expressions that are obtained in the process. In
Section III-D, we then show how the resulting problem with a
majorization constraint can be replaced with a convex problem
that is easy to solve numerically.

A. Optimal Forward Receiver Filter

For a given transmit matrix, , and receive DF matrix the
optimal forward filter in the receiver is the well known min-
imum MSE (MMSE) equalizer

(14)

The proof is given by completing the squares of (3) and then ap-
plying the matrix inversion lemma.3 Using the optimal forward
filter, the resulting vector of weighted MSEs is

(15)

where . Note that the MMSE equalizer minimizes
any monotonic increasing function of the MSEs and is thus op-
timal for a wider class of cost functions than considered here.

2A short recapitulation on vector majorization is provided in Appendix A.
3������� � � �� ���� � �� � ��

B. Optimal Feedback Receiver Filter

Consider the Cholesky factorization of

(16)

where is lower triangular. Inserting (16) into (15) we obtain
the weighted MSE of subchannel as

(17)

Since is a strictly lower-triangular matrix (zero diagonal)
it can only affect the non-diagonal elements of the lower-trian-
gular matrix . Hence, the feedback matrix, ,
that minimizes the MSEs in (17) satisfies

(18)

where the matrix that contains the strictly lower-di-
agonal part of . The optimal is then

(19)

and the resulting minimum MSE of subchannel is

(20)

C. Optimal Precoder: Left and Right Unitary Matrices

The remaining filter to optimize is the precoder, . Consider
the SVD of the precoder matrix

(21)

where and are unitary matrices, and is non-nega-
tive and diagonal with decreasing diagonal. For arbitrary mono-
tonic increasing objective functions of the MSEs, the optimal
left unitary matrix has been shown to match the matrix of eigen-
vectors of [2], [17, Theorem 4.3]:

(22)

where it is assumed that the diagonal of is decreasing. Using
(22), the right unitary matrix, , can readily be obtained from
the SVD of as

(23)

where is a unitary matrix that makes lower triangular. Note
here that the diagonal matrix with the singular values

is in this case ordered with increasing diag-
onal. Finally, also assuming is known, the singular values of

are obtained from and as

(24)
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With the optimal , and , the remaining optimization
problem is

(25a)

(25b)

(25c)

(25d)

(25e)

(25f)

where we introduced the power vector , that repre-
sents the power assigned to each spatial channel, and where
is the set of all -dimensional unitary matrices.

Now, optimizing the unitary matrices , directly is very
difficult. From the expressions of the optimal DF filters we see
that the filters either implicitly or explicitly depend on the lower
triangular matrix . By optimizing instead of , we can
avoid the unitary constraints. In order to do this we need a way to
specify the singular values of as an optimization constraint,
fortunately this is possible. The diagonal elements of a trian-
gular matrix represents the eigenvalues of the same matrix. It
is known that the absolute values of the eigenvalues are always
multiplicatively majorized by the singular values (cf. [20]). In-
terestingly, this necessary condition is also a sufficient condi-
tion on the triangular matrix : For a given power load, ,
and a specified vector , one can uniquely determine (using
generalized triangular decomposition [21]) the lower triangular
matrix if and only if

(26)

where denotes multiplicative majorization [22], [17]. The
proof of this statement was given in [21]. With this necessary
and sufficient condition on the diagonal elements of a triangular
matrix we can replace the constraints (25b), (25c), and (25d),
in problem (25). Matrix notation becomes tedious (and unnec-
essary) to work with at this point, instead define the vectors

, and use (26) to pose the
equivalent optimization problem in vector notation as

(27a)

(27b)

(27c)

(27d)

where denotes additive majorization. The vector relates to
the MSE weights of the problem and we call it the log-weights
vector. The vector has the interpretation of data rate [see
(27b)], and we name it rate vector.4

D. Optimal Precoder: Power Allocation

The optimization problem (27) is somewhat difficult to work
with due to the majorization constraint. Fortunately a simpler
convex problem can be considered instead. Because the -norm

4Note also, that � is the logarithm of the inverse of the MSEs, which corre-
sponds to the mutual information over AWGN channels using Gaussian code-
books.

Fig. 2. Flow chart for the calculation of the optimal DF filters given a bit
loading vector �. Algorithm 1 denotes the algorithm in Appendix C, GTD de-
notes generalized triangular decomposition.

is symmetric and because a majorization inequality is invariant
to permutations of the vector elements, we can without loss of
generality assume the subchannels are ordered such that both
and are decreasing.

Now that we have fixed the ordering of and , we may
consider the following optimization problem:

(28a)

(28b)

(28c)

(28d)

Note that problem (27) differs from (28), in that the majorization
constraint has been replaced with another (similar) constraint
that does not include the monotonic rearrangement of the vector
elements. Although the two problems seem to be different, the
following theorem states that the both problems share the same
optimal solution.

Theorem 3.1: Given that , and are decreasing, the op-
timum solutions of problems (27) and (28) coincide.

Proof: See Appendix B.
Problem (28) is convex and can be solved numerically with

relative ease using standard tools for convex optimization [23].
In Appendix C, we present an algorithm that solves the problem
exactly with only complexity.

To summarize, Fig. 2 shows the flow chart for the procedure
of calculating the optimal DF filters. The first step computes the
power loading, , and rate vector, , e.g., by using the algorithm
in Appendix C. The second step uses the generalized triangular
decomposition to compute the Cholesky factor, . The third step
computes both the precoder, , and the feedback filter, from

. Finally, the feed forward filter, , is computed from ,
and . Note that after the first step we can already evaluate the
objective value. It is therefore less computationally demanding
to evaluate the performance than it is to compute the optimal
filters for a particular bit loading. This fact allows us to reduce
the complexity when an exhaustive search for the jointly optimal
bit loading is performed (as was proposed in Section II-C).

IV. OPTIMAL BIT LOADING

This section switches focus to the bit loading problem, i.e.,
the problem of computing the optimal in (12). In the previous
section it was shown that for any weighting vector , problem
(12) can be simplified to the form (27). Because the bit loading

Authorized licensed use limited to: Hong Kong University of Science and Technology. Downloaded on January 7, 2010 at 04:30 from IEEE Xplore.  Restrictions apply. 



4514 IEEE TRANSACTIONS ON SIGNAL PROCESSING, VOL. 57, NO. 11, NOVEMBER 2009

and the DF filters are coupled only through the cost function
(there are no common constraints), the results from Section III
can be incorporated into the original problem formulation (12)
as

(29a)

(29b)

(29c)

(29d)

(29e)

(29f)

(29g)

In general, the set of available constellations, , is discrete. In
particular, if QAM constellations are used the bit rates are re-
stricted to positive, even integers. The set of feasible bit rates is
then

(30a)

(30b)

Clearly, the feasible set is finite and it is possible to compute
the optimal bit loading numerically by trying out all possible
candidates. This observation does however provide little insight
into the overall behavior of the system. It is also questionable
whether it is worth the computational burden to globally search
all possible bit loading candidates. In order to gain more insight
and to find heuristics for computing the bit rates more efficiently,
the following subsection considers optimizing while the vec-
tors and remain fixed (recall that Section III was optimizing

and for a fixed ). Then, later, Section V will be devoted to
the joint optimization of all three vectors , and .

A. Continuous Bit Loading Relaxation

Optimization of the discrete valued bit loading is difficult in
closed form. One way to approach this optimization problem is
to relax the set of bit rates to the continuous domain [by ignoring
the constraint (30a)] to allow for us to analytically optimize .
This leads to the continuous relaxation of problem (29), where

. In order to specify constraint (29e), we assume for
simplicity that the constellations are QAM. Then, using (10),
the log-weights, , depend on the bit allocations as

(31)

where the unit of the rate has been changed to nats (rather than
bits) in order to simplify the notation below. For a given and

, using weights defined by (31), the continuous relaxation of
problem (29) with fixed, is then formulated as

(32a)

(32b)

(32c)

where we use the fact that and are minimized simul-
taneously.5 Note (by inspection) that the problem is convex.

Theorem 4.1: The optimum bit allocation in (32) is given by

(33)

where the function is defined as

(34)

and where is chosen so that

(35)

Proof: In the following proof we assume . The
proofs for and are similar but needs to be treated
separately. Disregarding for a while the constraint that must
be positive, minimizing the Lagrangian cost function of (32)
yields the optimal solution to the problem as

(36)

where is the dual variable such that constraint (32b) is sat-
isfied. Equation (36) contains multiple roots. However, if there
exists a root with strictly positive ’s, then it must also be a
global optimum to the convex problem (32) (a convex problem
does not have local optima unless they also are global optima).

Taking the logarithm of (36) and performing some rearrange-
ments yields

(37)

Note that the function is real valued when all ’s are pos-
itive. By inspection, is strictly increasing, concave, and
it maps the set to the set . Because is
strictly increasing and concave, the inverse function exists
and is strictly increasing and convex. Following (37), the func-
tion must satisfy

(38)

This implies that for any vector there exists one and only one
solution to (36) with strictly positive bit rates, , given by

(39)

where .
Given a rate vector , (33) and (35) uniquely determines the

optimal bit loading (as well as ). These equations will later be
applied to eliminate from the joint optimization problem.

The observant reader may have noticed that the optimal re-
laxed bit loading will never be exactly zero on any subchannel.
Instead of switching off weak subchannels with zero bit loading,

5The infinity norm is not well defined at this point and has to be treated sep-
arately. The conclusions of the following discussion are however valid for the
infinity norm as well.
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it turns out that it is more favorable to use an infinitesimal (pos-
itive) bit rate. Of course there is no such thing as infinitesimal
bit rates in practice, recall that the relaxation is merely a tool
that we can use to obtain practically implementable bit-loading
candidates by means of rounding. Fortunately, as will be shown
in Section V-B, the impact that a low-rate subchannel has on the
rest of the system is limited, i.e., the performance will remain
close to optimal if we turn off the low-rate subchannels. After
the bit loading these low-rate subchannels will in any case be
rounded to zero when we perform the rounding. The next sub-
section contains a comment on the sensitivity of the relaxed op-
timum towards rounding.

B. Rounded Bit Loading

In practice, arbitrary real-valued bit rates are not imple-
mentable and the impact of rounding or quantization of the bit
rates has to be considered. Assume , is the optimal solution
to the relaxed bit loading problem for some given rate vector

, and assume that is the rounded or quantized version of
such that the sum rate is . Denote the logarithm of the

objective function (29a) as

(40)

where we have chosen the weights according to (31). The first
order Taylor expansion of (40) around the optimal bit loading
yields

(41)

where . Now, using (36), and assuming both
and satisfy (32b) so that , the first order term in the
expansion sums to zero

(42)

This result indicates that rounding of the optimal relaxed bit
loading can be performed without too much loss in performance,
although it is not clear how to quantify the loss. In the following
section the loss is quantified for the joint optimum by making a
distinction between low-rate and high-rate subchannels.

V. JOINT OPTIMIZATION OF BIT LOADING AND FILTERS

Now that we know how to obtain the optimal DF filters (via
and ) for a given bit allocation (cf. Section III), and how to opti-
mize the bit allocation given vectors and (cf. Section IV),
our next step is to combine these results into a joint optimization
problem.

A. The Bit-Loading Optimized Objective

The optimal relaxed bit allocation from Section IV depends
on the rate vector . By inserting the optimal bit loading into the
refined transceiver problem (27), we obtain a new objective with
a dependence on that is not as easily characterized as before.
This subsection analyzes the behavior of this bit-loading opti-
mized objective with respect to . As it turns out, even though

the dependency on is complicated, it is still possible to deter-
mine the optimal as a function of .

The optimal relaxed bit-loading vector , obtained from (32)
in the original objective, yields the following objective function:

(43)

where the logarithm is introduced for later mathematical sim-
plicity. The optimal bit allocation must satisfy (33), which can
be reformulated to

(44)

Using , the bit-loading optimized cost function
is then formulated without the vector as

(45)

where is chosen such that

(46)

Note that (45) is also valid for the -norm when .
Using the new bit-optimized cost function, the remaining op-

timization problem (that determines the DF filters) is

(47a)

(47b)

(47c)

Although the problem is non-convex and perhaps difficult to
solve, it turns out the cost function is symmetric and concave
which enables us to solve at least parts of the problem with rel-
ative ease.

Theorem 5.1: The function is Schur-concave
with respect to .

Proof: See Appendix D.
A direct consequence of Theorem 5.1 is the following impor-

tant corollary.
Corollary 5.2: Orthogonal SVD-based transmission with no

decision feedback is always an optimal solution to the decision
feedback problem given that the optimal relaxed bit loading is
used.

Proof: Because the objective is Schur-concave (see
Appendix A for definition), the optimal vector must satisfy
the majorization constraint with equality (cf. [24]), i.e., we have

. This means that in (21) can be chosen
as the identity matrix so that the subchannels are orthogonal-
ized. Orthogonal subchannels implies that is diagonal and
that the optimal feedback matrix is zero (see Section III-B).

Although the remaining problem of computing the optimal
power load, , is a non-convex problem with a non-trivial solu-
tion, the result above shows that it suffices to use state of the art
SVD-based bit and power loading schemes (e.g., [6]) to com-
pute a close-to-optimal bit loading.
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Theorem 5.1 relies on the continuous relaxation, and the be-
havior of for discrete constellation sets is not clear at this
point. On the other hand, as was shown in Section IV-B, small
perturbations of the optimal relaxed bit load will not signifi-
cantly alter the value of the cost function. So, rounding the op-
timal bit loading should still remain close to optimal. In the next
subsection, an upper bound on the loss due to rounding of the
bit rates is derived.

B. Turning Off Low-Rate Subchannels

Essentially, rounding the bit loading corresponds to turning
off low-rate subchannels and slightly perturbing the bit rates
on the remaining high-rate subchannels. In this subsection we
will show that the loss by turning off low-rate subchannels is
relatively small, and then, that a system with no active low-rate
subchannels is insensitive to reallocations of the bit loading.

An interesting property of is that its asymptotes6 coin-
cide with the function . Therefore, by analyzing (45) and
(46), we see that weak subchannels with values of that are
negative or close to zero will have almost no impact on or on

. These subchannels can consequently be turned
off at a very low cost in terms of performance. To formalize this,
assume that is decreasing and that all weakest sub-
channels with indexes are turned off. This will result in
a new dual variable and cost function as

(48)

(49)

The following theorem quantifies the loss.
Theorem 5.3: The loss when turning off the weakest

subchannels can be upper bounded as

(50)

Proof: See Appendix E.
In order to get a sense of how this bound behaves, denote the

sum rate of the truncated subchannels

(51)

Assuming the active subchannels satisfy , then
the denominator in (50) can be approximated with , and the
bound becomes

(52)

As an example, typical figures for could be on the order
of 10% while the average data rate per active subchannel is typi-
cally less than, lets say, 3 nats. This would correspond to a max-
imum loss of around 1 dB.

The next step is to see how the cost function behaves when
all low-rate subchannels have been turned off. Given that all

6First note that the range of ���� is non-negative, then from (34) we see that
����� �� � � ���� and ���� � �� � � ��� � � ��� ����.

subchannels are high rate we can apply to the
definition (34) and obtain

(53)

By applying the asymptote to (49), the cost function (48) tends
to

(54)

Given that the majorization constraint (47b) is satisfied, the fol-
lowing equality holds

(55)

and we can eliminate completely from (54). Interestingly, any
that satisfies (47b) can be used and still be optimal. Since there

is a direct connection between the optimal and , this result
implies that we can redistribute the bit allocations at a very low
cost, provided the resulting satisfies (47b) and the data rates
on the active subchannels remain sufficiently high.

The results in this subsection predicts very limited losses
when rounding the relaxed bit loading. This fact is further
motivated by the numerical results in Section VII where almost
identical performance of the truly optimal bit loading (achieved
by a global search) and the rounded optimal relaxed bit loading
is shown.

VI. TRANSMISSION SCHEMES

Due to the potential high complexity of the truly optimal joint
bit loading and filter design, this section defines (in addition to
the optimal design) three suboptimal schemes. Two of which, in
theory, should perform very close to optimal.

A. Optimal Design

This transmission scheme is optimal in terms of (12). The
strategy is to exhaustively search all combinations of bit loading
allocations. For each bit loading candidate, optimize the rate
vector, , and the power loading vector, , by solving problem
(28). Compute the weighted MSEs, and use the bit loading with
the least weighted MSE.

B. Suboptimal Bit Loading

As Theorem 5.1 shows, the optimal relaxed bit loading will
make the DF optimized system orthogonal. In [6], the so called
gap approximation was used for determining the constellations
of an orthogonal system. The gap approximation is close to
optimal for the orthogonal system, and since the optimal bit
loading with DF results in an orthogonal system it must be ap-
proximately optimal in this case as well.

In short, using the gap approximation the bit loading can be
computed as

(56)

where the gap, , is chosen such that , and where
is the waterfilling power allocation, given by

(57)

Authorized licensed use limited to: Hong Kong University of Science and Technology. Downloaded on January 7, 2010 at 04:30 from IEEE Xplore.  Restrictions apply. 



BERGMAN et al.: JOINT BIT ALLOCATION AND PRECODING FOR MIMO SYSTEMS 4517

where the water level is chosen such that . Inser-
tion of the waterfilling power allocation yields

(58)

where is a constant such that . The precoder, for-
ward filter, and feedback filter are then optimized for this par-
ticular bit loading.

C. Orthogonal Design

As was shown in Section V, the optimal relaxed bit loading
makes the subchannels orthogonal. It was also shown that
the first order Taylor expansion around the optimal relaxed
bit loading is constant. Hence, an optimal design under the
constraint that the subchannels are forced to be orthogonal
should perform almost as well as the two schemes above.

Use the gap approximation to compute the bit rates, then de-
sign the optimal orthogonalizing precoder and forward filter
for this particular bit loading. That is, design the optimal pre-
coder such that the interference among the subchannels is zero.
Since the subchannels are orthogonal for this scheme, the op-
timal feedback matrix will be zero.

D. Equal Rate Design

The bit rates are distributed uniformly among all available
subchannels. Again, the precoder, the forward filter, and the
feedback filter are subsequently optimized for this particular bit
loading.

VII. NUMERICAL RESULTS

In this section we numerically compare the schemes that was
introduced in Section VI. For simplicity only the infinity norm
has been considered as cost function. Fig. 3 shows a comparison
of the scheme over an 8 8 Rayleigh-fading MIMO channel.
The data rate is set to 24 bits per channel use. The optimal design
and the suboptimal bit loading design have almost identical per-
formance. This confirms that the rounding of the bits does not
affect the overall performance significantly, and the DF filters
compensate for small deviations from the optimal bit loading.
The orthogonal design performs only slightly worse, which is an
indication that if the appropriate bit loading is used, the impor-
tance of DF is very limited. The final scheme, equal bit loading,
shows that the bit loading is important for achieving optimal per-
formance. The difference in performance is however less than
one dB and this indicates that DF can partly compensate for sub-
optimal bit loading. In Fig. 4, a 4 4 Rayleigh-fading channel
was simulated with a data rate at 12 bits per channel use with
similar results.

VIII. CONCLUSION

In this work, we considered the problem of joint optimization
of the bit loading, precoder, and receiver filters for a DF-de-
tection system. It was shown that minimizing the probability
of detection error can be translated into minimizing a weighted

-norm of the MSEs. Then, by fixing the bit loading, it was
shown that the problem of optimizing the precoder and receiver
filters may be reduced to a convex optimization problem that

Fig. 3. Monte Carlo simulations of an 8� 8 MIMO system. The data rate is
set to 24 bits, and the cost function is the infinity norm.

Fig. 4. Monte Carlo simulations of a 4� 4 MIMO system. The data rate is set
to 12 bits, and the cost function is the infinity norm.

is easy to solve numerically. Due to the low computational
complexity of the problem, the task of jointly optimizing the
bit loading and filters by exhaustively searching through all
possible bit-loading candidates becomes a feasible option in
practice.

In another approach to the same problem, by instead fixing
the DF filters, we derived the optimal bit loading by relaxing
the integer constraints on the subchannel bit rates. It was
shown that this optimum is insensitive towards small deviations
in the bit loading. When combining the relaxed bit loading
with filter optimization, we showed that it is optimal to use
orthogonal non-interfering subchannels. Therefore, by jointly
optimizing bit loading and filters, the DF part of the receiver
becomes superfluous. That said, another conclusion is that the
DF receiver makes the system more robust towards rounding
of the bit loading. These results were illustrated numerically
by comparisons between the truly optimal solution and various
suboptimal transmission strategies.
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APPENDIX

A. Definitions From Majorization Theory

Denote as the monotonic rearrangement
of a vector such that . For two
vectors and , additive majorization is defined as

Similarly, multiplicative majorization is defined as

A function is said to be Schur-convex if

(59)

similarly it is defined Schur-concave if

(60)

Multiplicative Schur-convex/concave functions are defined in a
similar fashion using instead of . For a more complete
introduction to majorization theory, please see [24].

B. Proof of Theorem 3.1

First we show that if is decreasing, then the optimal power
loading, , for problems (27) and (28) must ensure that
is decreasing: Assume that has a strictly positive diagonal.
Define . Let be an arbitrary permutation matrix.
Define an alternative power allocation, , that yields a permu-
tation of as . Now, the total power consumption
for the alternative power allocation is . Be-
cause is increasing by assumption, the permutation ma-
trix that yields the minimum power consumption is the one that
makes decreasing. Consequently, if is not decreasing then
it cannot be optimal, and for both problems the optimal solution
yields a decreasing vector .

As a consequence, by forcing the vector to be de-
creasing in both problems we do not change their corresponding
optima. The two problems can therefore be reformulated with
more strict constraints: The reformulated version of problem
(27) is

(61a)

(61b)

(61c)

(61d)

(61e)

(61f)

and the corresponding reformulation of (28) is

(62a)

(62b)

(62c)

(62d)

(62e)

(62f)

Note that the equality constraint (62c) is a consequence of the
objective (62a) being decreasing with respect to , so that the
optimal must hit the upper bound defined by the only in-
equality containing .

From the definition of monotonic rearrangements we have

(63)

and we see that problem (62) is a relaxation of (61). Further-
more, since the function is Schur-convex with re-
spect to , and because and are decreasing,
it can be shown, due to the constraints (62b), that the optimal

in (62) will be decreasing (cf. [25]). This means that the op-
timum of the relaxed problem (62) is also a feasible point given
the constraints in (61). Hence, the problems (61), (62), (27), and
(28) have equivalent optimal solutions.

C. Algorithm That Solves Problem (28)

Algorithm 1 presented below solves problem (28) exactly
with only complexity. The proof of this statement is avail-
able in [26]. The algorithm is a modified version of the algorithm
in [15] that solves the quality of service (QoS) constrained MSE
optimization problem.

The input to the algorithm is the vectors and of length ,
and the parameter. In the algorithm, the arrow “ ” denotes as-
signment of a variable, “&” and “ ” denotes the logical operators
AND and OR, respectively. When the algorithm has terminated
the result set consists of the following variables: ,
and . The sequence is an ordered subset
of the indexes and it defines the indexes for which the
constraints (28b) are satisfied with equality. Within each interval

the optimal power allocation follows a water-
filling-like solution where the water levels are given by .
From the result set we can calculate the optimal power assign-
ments , and MSE exponents , as follows.

• For all , and for all ,
assign

(64)

• For all , assign .
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Algorithm 1: Power allocation algorithm

1: Allocate memory for the
following vectors of length :

.
2: Initialization of variables:

,
.

For all :

.
3: while do
4: Given and , calculate the highest

such that
where

and finally that is evaluated by solving the non-linear
equation

5:
6:
7: if then
8:
9:

10: else
11: if then
12:
13:
14: else
15:
16: end if
17: if then
18:
19:
20:
21: end if
22:
23: end if
24: end while

D. Proof of Theorem 5.1

First we will derive the second order derivative of the cost
function (45), then, using the second order derivatives, we will
show that the cost function is concave.

Let . The derivative of is

(65)

Rearranging the equation yields

(66)

Define , and , then the derivative
with respect to is

(67)

where if , and zero otherwise. Differentiating
(46) with respect to results in

(68)

Using (67), then (66), and finally (68), the derivative of (45) with
respect to is

(69)

The second order derivative of with respect to , is
given by

(70)

Using (67) and (68) we can obtain

(71)

In order to show that is concave, we will compute the Hes-
sian matrix. To do that, we first introduce the following diagonal
matrices

(72)

Note that since , and , both and are positive
semi-definite (PSD). With these definitions we can define a ma-
trix as

(73)

and then, using (70), we can derive the Hessian matrix of
as

(74)
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Because , the Hessian can be simplified as

(75)

where

(76)

We will show in a few steps that this Hessian, , is a neg-
ative semi-definite matrix. As a reference regarding the var-
ious properties of PSD matrices we refer to [27]. The center
factor of is a projection matrix (thus PSD), and consequently
the entire matrix is PSD. By inspection, the matrices

and are both PSD, and because the sum of two
PSD matrices is also PSD, is PSD. The eigenvalues of the
product of two PSD matrices are always real and non-negative,
and consequently we know that the Hessian has non-positive
real eigenvalues. Any real, symmetric matrix with non-positive
real eigenvalues is negative semi-definite, hence the Hessian
is negative semi-definite.7 By inspection, the function is
component-wise symmetric and thus, because it is jointly con-
cave, it is also Schur-concave [24].

E. Proof of Theorem 5.3

Due to (46), the dual variable will inevitably be affected
when reducing the number of subchannels. Denote the new dual
variable , and (46) gives

(77)

Since and , we have . The convexity
of implies

(78)

where the derivative is specified in (65). Apply (78) to (77) as

(79)

Note that, because is positive and increasing, and
because correspond to the weakest subchannels;
the vectors

(80)

of length satisfy . Since is a Schur-convex
function we therefore have , and consequently

(81)

This together with (79) proves the theorem.

7Symmetry is perhaps not apparent from (75). However, all second order
derivatives of �� � � are continuous and consequently we know that the Hessian
matrix (75) is symmetric. The interested reader can alternatively show symmetry
of (75) by applying (66), but this requires a few extra steps of derivations.
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