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Energy–Robustness Tradeoff in Cellular
Network Power Control
Chee Wei Tan, Member, IEEE, Daniel P. Palomar, Member, IEEE, and Mung Chiang, Senior Member, IEEE
Abstract—In the seminal paper by Foschini and Miljanic in 1993,
a distributed power control algorithm was developed to meet SIR
targets with minimal powers in cellular network uplinks. Since the
SIR on an active link may dip below the SIR target during the
transient after a new user enters the cell, Bambos et al. proposed
an active link protection algorithm to provide robustness, at the
expense of higher energy consumption. This paper examines the
tradeoff between energy and robustness. An optimization problem
is formulated where robustness is captured in the constraint and
the price of robustness penalized in the objective function. A distributed algorithm is developed to solve this problem. Local convergence and optimality of equilibrium are proved for the algorithm.
The objective function modulates the tradeoff between energy and
robustness, and between energy and speed of admission, as illustrated through a series of numerical experiments. A parameterized
family of objective functions is constructed to control the transient
and equilibrium properties of robust distributed power control.
Index Terms—Distributed optimization, duality, power control,
wireless networks.

I. INTRODUCTION

P

OWER control on the uplinks of an interference-limited
cellular network serves two major roles: managing energy
consumption and managing signal interference. These two
roles can be conflicting, and it is their tradeoff that we study
in this paper. Controlling signal-to-interference ratio (SIR) is
the key to providing quality-of-service to the mobile users,
and power control is often used to attain desired SIRs and has
been extensively studied since the early 1990s. In particular,
the Distributed Power Control (DPC) algorithm in [1] by
Foschini and Miljanic has been widely used and extended (e.g.,
in [2]–[9]). Following a simple power update rule, Algorithm
DPC converges to a minimal power vector that can attain a fixed
SIR target vector, provided it is feasible. While the equilibrium
of Algorithm DPC is well-understood, what happens during
the transient is more challenging to characterize and much less
clear. In particular, the SIR of an active link can easily dip
below the SIR targets when there is a slight perturbation such
as the entry of a new user.
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Fig. 1. A small numerical example of using Algorithm DPC in a CDMA cell.
Originally, there are two active users, but a new user enters the same channel at
the 300th time slot. The received SIRs of the two active users experience an SIR
outage that deviates from the SIR targets by as much as 37% and 63% during
the transient.

Consider the following simple example of a small CDMA
cell originally with two active users. A new user enters using
Algorithm DPC, and causes an SIR outage that deviates from
the SIR targets by as much as 63% during the transient that lasts
for approximately 20 time slots, as shown in Fig. 1. This simple
example illustrates that a key limitation of Algorithm DPC is
the lack of guaranteed signal quality in times of congestion.
How to prevent such dips, and in general, how to admit users
and manage congestion in cellular network power control becomes an important question. In particular, to guarantee that active links continue to have acceptable received SIR when there
are disturbances in the network, an active link protection scheme
has to be incorporated with access control. In [2], the algorithm
of DPC with Active Link Protection (DPC/ALP) was developed
by Bambos et al. In [3], the DPC/ALP algorithm was further
developed for both voice and data communication over wireless
ad-hoc networks. First, an active link protection scheme provides a protection margin to the SIR targets of existing users.
Second, new users ramp up their power following a different
rule, one that avoids creating new interference too fast.
Intuitively, the protection margin has to be large enough
such that the received SIRs of active link connections do not
drop below the minimum SIR requirements and cause SIR
outage. On the other hand, it should not be too large, otherwise
this might lead to excessive power expenditure. How to control
this energy–robustness tradeoff is one of the motivations for this
paper. We use the term “robust” in the sense of safety margin
against SIR outage. A related issue is the transient behavior of
Algorithm DPC before it reaches an equilibrium, especially the
tradeoff between quick admittance of new users to their SIR
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targets and low interference created during the admission. In
both questions, the intuition is that should be time-varying
instead of a constant, controlled possibly by some “interference
price” that is updated by inferring the network congestion level
from local measurements. Such an intuition is made rigorous
in this paper, and open questions on the transient behaviors of
power control answered consequently.
After reviewing the DPC and DPC/ALP algorithms
in Section II, we formulate an optimization problem in
Section III-A, where robustness is captured in the constraint
and the price of robustness penalized in the objective function.
Then in Section III-B, we present a distributed algorithm that
solves this problem. The development of this algorithm, the
Robust DPC (RDPC) algorithm is shown in Section IV. A
parameterized family of objective functions is constructed
to control the transient and equilibrium properties of robust
distributed power control, as shown in Section V. The concepts of congestion measure and interference price are further
quantified in the same section. Convergence of the algorithm
and optimality of equilibrium are proved for Algorithm RDPC
(Theorems 1 and 3). The effectiveness of modulating the
tradeoff between energy and robustness, and between interference management and speed of convergence, is demonstrated
through a series of numerical experiments in Section VI, before
we conclude in Section VII. To make the flow of presentation
smoother, we collect all the proofs in the Appendix.
The following notation is used. Boldface uppercase letters denote matrices, boldface lowercase letters denote column vectors,
italics denote scalars, and
denotes componentwise inequality between vectors and .
II. REVIEW: DPC AND DPC/ALP
A. Algorithm DPC
Consider a CDMA cellular wireless network with logical
links (equivalently, transceiver pairs), which models a single cell
of a CDMA system. Our analysis also applies more generally to
a multi-cell CDMA system, where a base station in each cell
acts as a central coordinator of uplink resource allocation. The
transmit power for the th link is denoted by for
.
Assuming a matched-filter receiver, the SIR for the receiver on
link can be written as [10]
(1)
where
are the channel gains from transmitter to receiver ,
and is the additive white Gaussian noise (AWGN) power for
receiver . The processing gain of the CDMA system is assumed
to be absorbed into
in (1) for all [10]. We also assume that
the channel is frequency-flat and is constant for the duration of
a transmission, e.g., under slow fading.
The following power control problem of minimizing the total
transmitted power subject to SIR constraints was studied in [1]
and [11]:
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The SIR constraint is the requirement that the th received SIR is
above a given SIR target for all . Problem (2) can be rewritten
as a linear program in matrix form:

(3)
where is the identity matrix,

is the matrix with entries [1]
if
if

(4)

and

The algorithm proposed by Foschini and Miljanic is given by
[1]
(5)
where indexes discrete time slots. It converges asymptotically
to , a solution to (2), whenever it exists, i.e., when the fixed
SIR targets are feasible. Feasibility of SIR targets is well-known
to be equivalent to the following condition: the Perron–Frobe, is strictly less than 1.
nius eigenvalue of , denoted as
Re-writing (5) in scalar form, it is clear that (2) can be solved
using the following distributed power control (DPC) algorithm:
(6)
is the received SIR at the th time slot. The
where
update in (6) is distributed as each user only needs to monitor its individual received SIR and can update by (6) independently and asynchronously [9]. Intuitively, each user increases
its power when its
is below and decreases it otherwise, so that
in the next time slot is exactly the
target if no other users change their powers. Furthermore, the
optimal power allocation
in (2) is achieved in the limit as
, and satisfies
, i.e., the constraints in
(3) are tight at optimality. Algorithm DPC is widely used for its
simplicity and effectiveness, and can be interpreted from several
angles, e.g., best response strategy of a game, or linear update
for a fixed-point equation [9].
B. Algorithm DPC/ALP
By extending the Foschini-Miljanic power control scheme,
Bambos et al. [2] proposed the Distributed Power Control with
Active Link Protection (DPC/ALP) algorithm to protect active
users from new users that access the same channel. The two key
ideas of the DPC/ALP algorithm are: 1) the gradual power-up of
new users; and 2) the introduction of an SIR margin to cushion
the existing users, which is accomplished by modifying the SIR
constraint in (2) to
(7)
. Clearly, the parameter serves as a protection
where
margin for users that are running (6) and helps keep them from
falling below when new users access the same channel.
Specifically, for a given , Algorithm DPC/ALP is given by
if
if

(2)
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Implicitly, the DPC/ALP algorithm solves the following
problem of power minimization subject to a fixed robustness
setting:

The following necessary condition that characterizes any feasible solution to (10) will become useful in later developments
and proofs:
Lemma 1: If and are feasible in problem (10), then
(11)

(9)
With the fixed, (9) can still be rewritten as a linear program in
a way similar to (3), and Algorithm DPC/ALP converges to the
[2].
optimal solution of (9) if and only if
A larger obviously provides more protection to existing
users, but comes at a price of higher power expenditure. Furthermore, a larger makes user admission faster, but may cause excessive interference or even infeasibility of the enhanced target
SIR. How to control these two tradeoffs? Our intuitive design
is that should be time-varying instead of being a constant,
controlled possibly by some “interference price” that is updated
by inferring the network congestion level from local measurements. This intuition will be made clear in the rest of the paper.
III. ROBUST POWER CONTROL: PROBLEM AND ALGORITHMS
To effectively control the tradeoffs and to accommodate
engineering requirements such as rise-over-thermal constraints
and convergence speed, Algorithm RDPC is developed based
on sensitivity analysis of the effects of power changes, on
interference prices obtained from Lagrangian duality theory, on
congestion measures related to the size of the Perron–Frobenius
eigenvalue, and on a primal-dual update equation with desirable convergence properties. It turns out that Algorithm RDPC
solves an underlying optimization problem, whose objective
function can be tuned to influence the behavior of Algorithm
RDPC in a predictive way. To make the presentation flow from
the first principles, we will first present the underlying optimization problem and Algorithm RDPC in this section, before
we show how Algorithm RDPC is developed and its properties proved in Section IV. We then discuss the application of
Algorithm RDPC for energy–robustness tradeoff in Section V.

We note that (10) can no longer be rewritten as a linear program as can be done with (2) and (9), and in fact it is a nonconvex optimization problem. It can nevertheless be rewritten as
. First,
a convex optimization problem for certain functions
we apply a log transformation to , for all , and (
and
), obtaining the following equivalent problem:

(12)
We will later focus on those satisfying the condition in the
following.
Lemma 2: The optimization problem in (12) is convex if
for
.
We will show in Section IV that designing appropriate can
be used to control the power of each user both at equilibrium
and during transient, and we look at that characterizes the
energy–robustness tradeoff.
B. RDPC Algorithm
We now give the main algorithm: Robust Distributed Power
Control (RDPC). The details of its derivation will be given in
the next sections (in particular, (14), (15) follow from Theorem
2 and (16) follows from Theorem 1). Computing the optimal
and in (10) by Algorithm RDPC is aided by an “interference
price” vector , which is key to access the impact of on the increase in the total power consumption (
in (10)), as shown
in Section IV-A. It will also be shown that is the Lagrange
multiplier vector for (12).
Algorithm RDPC:

A. Robust Power Control Problem Formulation
We first present a general problem formulation for the uplink transmission in a CDMA cell that takes robustness into account. Using the protection margin in (7) to enhance the SIR
constraints, we consider minimizing the total power expenditure plus a cost function, over both and :

• The base station initiates at
. New users power up
with sufficiently small
, e.g.,
.
Update by each user :
• Update the transmitter power
at the
th
step:

if
if

(10)
where now is an optimization variable and
is a decreasing, convex, twice differentiable cost function that
captures the tradeoff in adjusting . This objective function will
be very useful in modulating the tradeoff between robustness
and energy both at equilibrium and during the transient.

Update by the base station:
• Update auxiliary variable

.

(13)

:
(14)

• Update interference price

:
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further instructs us on how to choose the right cost function
in (10).
Recall that the SIR constraints in (2) are tight at optimality,
assuming that there is a feasible power allocation for all users.
Hence, tightening or loosening this constraint set affects the optimal value of (2). The following result relates the sensitivity of
the SIR constraint and the total power requirement in (2).
First, for the th SIR constraint in (2), we define a perturbed
where
represents a fractional perturbation
SIR target
of the SIR target , and substitute the th SIR constraint in (2)
by
for all . We have
or
if
we tighten or loosen the th SIR constraint, respectively. Next,
we define
as the optimal value of (2) with these perturbed
constraints:

Fig. 2. Schematic of Algorithm RDPC for uplink power control.

• Update protection margin

915

by solving

(16)

Note that the power update (13) differs from the DPC/ALP
algorithm in [2] in that is not a constant parameter as in [2],
but is updated at each time slot according to variables and
. Interestingly, (16) quantifies the remark on choosing the parameter in [2]: “ should be chosen such that
is larger
when the network is uncongested, so that links power up fast,
and grow smaller as congestion builds up to have links power
up more gently”.
Also note that both the DPC and DPC/ALP algorithms are
primal algorithms with linear updates, whereas Algorithm
RDPC is a primal-dual algorithm with nonlinear updates.
A general schematic diagram of Algorithm RDPC for an uplink transmission is shown in Fig. 2. The inner loop power control block consists of a transmit power update for each user
based on the measured SIR values [cf. (13)], and the outer loop
power control block adjusts the SIR targets as a function of
the frame error rates.1 The interference management block takes
as input the measured power of all users and , and, based on a
particular cost function
, modulates the parameter , which
is then fed to the inner loop block [cf. (14)–(16)].
As proved in Appendix C, we have the following theorem for
Algorithm RDPC that connects it to the underlying optimization
model, and a stronger version for a special case will be presented
later as Theorem 3.
converges to a finite value , and
Theorem 1: If
, then Algorithm RDPC converges to a global
optimum
of problem (10).
IV. DEVELOPMENT AND IMPLEMENTATION OF RDPC
A. Step 1: Sensitivity Analysis
Intuitively, the amount of congestion in the system and the
“price” of maintaining the SIR constraints should be a factor in
determining how robust a power control algorithm needs to be.
A quantitative study in this section, based on a sensitivity analysis of the Foschini-Miljanic power control problem in [12], will
make this intuition precise. We first consider the case of
in (10), which corresponds to (2). We then use sensitivity analysis to show how adjusting affects the solution for (2), which
1The inner and outer loop power control blocks exist in current CDMA cellular network. Implementing Algorithm RDPC thus entails only a small modification by incorporating an interference management block as shown in Fig. 2.

(17)
does not exist for some , we define
.
If
Although the optimization problem in (17) can be rewritten as
a linear program in , it is expressed in a form that allows us
to apply a change-of-variable technique, which is a key step
and the parameter
that leads to RDPC. Let
, and taking the logarithm of the SIR constraints, we write
in the log transformed parameter as
, and
is determined by solving the following problem:

(18)
The following result quantifies the tradeoff between power
expenditure and robustness [13].
Lemma 3: Let , for all , be the optimal Lagrange multipliers of the unperturbed problem in (18), (i.e., for
), then
(19)
where is a vector that has all its entries 0 except the th entry
which is 1.
The engineering implication is as follows. Relaxing (or tightening) the th SIR target constraint by percent in (2) decreases
(or increases) the total power by approximately
percent, for a small . Hence, the total power reduction (or increment) is approximately
percent. Fig. 3 shows
with gradient
[13],
the supporting hyperplane at
and illustrates Lemma 3. If a user with large
compromises
the target SIR slightly, all users obtain both considerable power
saving and lower interference simultaneously.
Example 1: As an illustrative numerical example validating
Lemma 3, we compare the results given by Lemma 3 with those
in the simulation reported in [14] for a network with three users.
From initial SIR targets
(in dB), only Users 2 and 3
change their SIR targets, i.e., from 7 dB to 6.90 dB (first operating point) and then to 6.50 dB (second operating point).
The
(see Theorem 2 later for its computation)
that corresponds to the network operating at SIR targets
and
(in dB) are, respectively,
and
.
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Finally, we remark that there is an interesting duality between
and that computing :
the algorithm computing
Algorithmic Duality Correspondence

C. Step 3: Further Simplifications

Fig. 3. Robustness–energy tradeoff using sensitivity analysis.

The numerical percent decrease in total power, as reported in
[14], when the SIR operating point changes to the first operating
point and when the SIR operating point changes to the second
operating point is given by 64.600% and 75.200%, respectively.
Now, using , the prediction given by Lemma 3 when the
SIR operating point changes to the first operating point and
when the SIR operating point changes to the second operating
point is given by 64.650% and 74.483%, respectively. The prediction of Lemma 3 is observed to be quite accurate, and the
numerical experiment in [14] verifies the theory very well.
B. Step 2: Basic Primal-Dual Algorithm
In this subsection, we will show how to compute in Lemma
3, and then develop the iterative updates used by Algorithm
RDPC in Section III-B.
in (2) and the Lagrange
Theorem 2: The optimal power
multiplier
in the unperturbed problem in (18) satisfy

Note that (21) can be computed distributively just like in Algorithm DPC (6), but (22) cannot be computed distributively as
each user needs the cross-channel gains in (22). However, by
exploiting the uplink-downlink duality in [6], even (22) can be
carried out distributively in a time division duplex (TDD) network, where the auxiliary variable in Algorithm RDPC takes
on a physical interpretation as a virtual downlink power, as will
be shown below. The downlink case refers to transmission from
the base station to the users with the same SIR target as the uplink case. In this case, the channel matrix is given by
. The
update of in (16) must still be done centrally at the base station, which acts as the central coordinator for uplink resource
allocation for each cell in a multi-cell CDMA system.
First, the fact that all the constraints in (24) are tight at optimality implies that the optimizer to (24) is equivalent to the
optimizer of the following problem:

(25)
(20)
Furthermore, the following iterative updates can be used to compute :
(21)
(22)
and
(23)
As

,
converges to
in (20) for all if and only if
.
In Theorem 2,
for all . While are the primal
variables in (2) and are the dual variables of the unperturbed
problem in (18), are the auxiliary variables assisting with the
computation of the primal and dual variables. It is interesting to
note that
is also the optimal solution to the following optimization problem:

which can be interpreted as minimizing the total power for the
downlink case (with having a physical interpretation as the
downlink power) but with AWGN power
for all [6].
Compare (25) with the uplink case in (3). As in [6], the next step
to a distributed Algorithm RDPC is to create a virtual downlink
power minimization, which is solved by (25). Note that the virtual downlink problem does not correspond to the real downlink
power control problem, but acts as an intermediary mechanism
for message passing in the downlink phase. The virtual downlink problem corresponds to the real downlink power control
problem only if the real downlink AWGN noise power for each
for all .
link is exactly
Therefore, (14) in Algorithm RDPC is rewritten as
(26)
where

is the virtual downlink received SIR:

(24)
which is the Lagrange dual problem of (3). Using the iterations
(21)–(23), as long as
and
are feasible in (3) and (24),
respectively, then
and
are primal and dual feasible with respect to (18), respectively.

(27)
Unlike (1), which is a scalar measurement output at the receiver,
(27) has to be computed by keeping separate copies of the received virtual powers
for all at the link during the
downlink time slot.
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, which then changes the dynamic and equilibrium properties of Algorithm RDPC. These two tradeoffs are discussed in
the first two subsections, followed by a discussion on “interference price” in Algorithm RDPC and “congestion measure” in a
cellular network in the last subsection.
A. Choosing
Based on the sensitivity analysis result in Lemma 3, the extra
power needed to provide amount of SIR margin is
(32)
Fig. 4. Algorithm RDPC and uplink-downlink duality. The functions f and g
are the updates for the uplink power p and the downlink power x, respectively.
px.
The interference price  is the Schur product of p and x, i.e., 

percent (see Appendix F), or, from (16),

Thus, (13) and (14), (15) in Algorithm RDPC correspond to
the uplink and (virtual) downlink case, respectively, and we can
interpret as the product of the uplink and downlink power of
the th user. Fig. 4 illustrates the role of uplink-downlink duality
in Algorithm RDPC. The modified Algorithm RDPC for a TDD
cellular network is given as follows, where the base station only
needs to compute and broadcast .

percent. For example, a network operator with a good estimate
of (33) may choose to not admit new users because that might
double the power expenditure with just 3% safety margin, as
in the example in Section IV-A. Similarly, substantial energy
savings could be obtained if the target SIR or protection margin
is reduced a little.
Suppose the network can tolerate at most an increase of
percent in total power to limit interference. This
can be obtained from different kinds of models. For example,
in [15], the authors propose an in-cell rise-over-thermal (IROT)
constraint. Given an IROT constraint, can be configured as the
input parameter for Algorithm RDPC. Now, using this upper
bound and (33), we have

=

Algorithm RDPC (for TDD Cellular Network):

• The base station initiates at
. New users power up
with sufficiently small
, e.g.,
.
Update by each user during the uplink time slot:
• Update the transmitter power
at the
step:
.

(28)

Update by each user during the downlink time slot:
at the
• Update the virtual transmitter power
th step:
(29)
:
(30)
Update by the base station:
• Update the protection margin

(34)

th
which upon integration yields

if
if

• Update the Lagrange multiplier

(33)

by solving

(35)
is strictly convex, decreasing, and
It is easy to verify that
satisfies Lemma 2, thus can be used in Algorithm RDPC. Alternatively, an upper bound on the relative change
can be
used directly as an input to Algorithm RDPC, if we replace
in Algorithm RDPC by
for all .
Recall that the convergence result in Theorem 1 requires an
assumption that
as
. For the function
in
(35), further analysis can be carried out to remove this assumption and prove local asymptotic stability of Algorithm RDPC in
general.
,
and
Let
.
Theorem 3: Consider the mapping from
to
and its Jacobian matrix
, where

(31)
(36)
V. BALANCING THE TRADEOFFS
Recall that there are two main tradeoffs: one between robustness and energy at equilibrium, and another one between the
speed of admission and energy during transience. Both tradeoffs can be controlled by changing the curvature of the function

We have
.
Furthermore, Algorithm RDPC with
in (35) is locally
asymptotically stable if and only if
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The local asymptotically stability property in Theorem 3
guarantees that the received SIRs of active links converge to the
enhanced SIR requirements when they are slightly perturbed
from the equilibrium. This is a local, rather than a global convergence result, but one that suffices in some practical cases. In
these cases, for the active links, the condition that
is close to
is satisfied since the power update step in
,
Algorithm RDPC gets executed only when
and the enhanced SIR target
is already sufficiently
close to since is usually small.
B. A Parameterized Family of
Next, we turn to the speed of admitting a new user to meet
its target SIR. One issue is that admission delays of new users
may become intolerably large when is set to be very small.2
In any practical distributed system, new users are often given
a fixed period of time for admission control. This is to avoid
network instability due to a reinforced “clogging effect” when
there are too many new users in a congested system [2]. In order
to gain successful admission, a new feasible user (feasible as
given by Lemma 1) should power up sufficiently fast to meet
the SIR requirement within this period of time.
, parameterized by
We consider the following family of
a nonnegative integer , for
:
(38)
This
given by (38) is strictly decreasing and also satisfies
Lemma 2 (see Appendix G).
Using (38) to characterize the tradeoff between the speed of
admission and energy is described as follows. First, we repre. This choice of
sent
provides a way to adjust the curvature of the function
such
that increases as the control parameter , tunable by the network operator, gets larger. This implies that energy expenditure
increases, but new user admission rate also increases (cf. (13)
in Algorithm RDPC). Using this relationship, we have, at optimality,
with
being a function that
maps
to (0,1] for a given
. A larger in (38) thus
models more aggressive protection margin, but also allows new
users to power up faster with increasing traffic load. Finally, we
integrate the expression to get (38). Effects of adjusting will
be demonstrated in Experiment 3 in the next section.
C. Interference Price and Congestion Measure
In Algorithm RDPC, we can interpret the Lagrange multias a congespliers as “interference prices”, and the sum
tion measure of a cellular system. As it increases, new users
are admitted into the channel on a more cautionary level. In
Section III,
has been exploited for Algorithm RDPC design. In the following, we further discuss how
intuitively
quantifies the state of congestion in an interference-limited cellular network.
In the extensive literature of power control,
has been
viewed as a congestion measure, e.g., in [17]. Congestion refers
to either an increase in the number of users in the cell (thereby
2For

example, in [2], an admission control heuristic is used in which even
feasible new users may be forced to leave the channel if their received SIRs are
still below the SIR targets after a time-out.

Fig. 5. A typical numerical example of using Algorithm DPC to evaluate the
approximation in (39) with increasing (F).

increasing the dimension of , , and ), or an increase in the
minimum SIR requirement of any user (thereby increasing some
of the elements in ). In the former case,
strictly increases
as shown in [17]. In the latter case,
strictly increases since
the Perron–Frobenius eigenvalue of an irreducible nonnegative
matrix is a strictly increasing function of any of its elements.
Similarly, it is easy to see that
also strictly increases in
these two cases.
from
We now connect the two measures of congestion:
from the linear algebraic structures
Algorithm RDPC, and
of power control problem formulations in (2) and (10).
First assume that
is close to, but strictly less than 1. In
the case of
, Appendix I proves the following relationship:
(39)
For any
mation to

, by considering problem (10), an approxican similarly be given by
(40)

since
Using (40), the parameter in (35) can be related to
.
Although the approximations in (39) and (40) are derived
is close to 1, we show nubased on the assumption that
merically that the approximations are quite accurate even when
is much less than 1. Fig. 5 illustrates a numerical example
that computes the approximation in (39) using Algorithm DPC.
As shown in Fig. 5, the approximation is good for a wide range
of
from 0.3 to 0.7.
Lastly, the approximations in (39) and (40) can be useful in
CDMA network load planning analysis for link budgets considered in [18] with the “interference price” obtained in (39) and
(40) corresponding to a high network load case.
VI. NUMERICAL RESULTS
We evaluate the performance of Algorithm RDPC with a series of five numerical experiments in progressive complexity.
A. Expt. 1 (Balance Energy–Robustness Tradeoff)
We first illustrate the ability of Algorithm RDPC to balance
energy and robustness compared to Algorithm DPC and Algo-
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Fig. 6. Experiment 1. Evolution of the total power with DPC/ALP, RDPC and
DPC algorithms. The percentage increases in extra power between (i) DPC/ALP
and DPC, and (ii) RDPC and DPC at two different operating points (i.e., time
slots 250–1000 and 1000–1500) are shown.

rithm DPC/ALP. As an illustrative example, we use the channel
gain matrix:
(41)

noise power of 1 mW and the SIR targets
or
dB.3 We assume a single cell, i.e., no interference
from adjacent cells, and ignore fast fading.
in (35), Algorithm RDPC is configured with to
Using
have an increase of at most 15% total power as compared to Algorithm DPC. During time slots 0–250, only User 1 and 2 are
active. From time slot 250, User 3 becomes active. At time slot
1000, User 1 completes data transmission, and departs from the
cell leaving User 2 and 3. Fig. 6 shows that Algorithm DPC/ALP
results in a total power expenditure of more than 150% at the
two network operating points at time slots 250 and 1000 as
compared to DPC, whereas Algorithm RDPC uses an additional
extra total power of 15%. Fig. 7 shows the evolution of received
SIRs for Users 1, 2, and 3 when User 3 enters the channel at
time slot 250. Compared to Algorithm RDPC and DPC/ALP,
Algorithm DPC has the fastest convergence to the SIR targets.
However, in Algorithm DPC, the received SIRs of Users 1 and 2
suffer a dip of approximately 30% and 60%, respectively, at
time slot 250 when User 3 enters the channel. In contrast, this
does not happen with Algorithm RDPC and DPC/ALP. In summary, Algorithm RDPC offers the same amount of robustness
as Algorithm DPC/ALP but with much less energy expenditure.
B. Expt. 2 (Meet Total Energy Constraint )
dB.
As in Experiment 1, we use the SIR targets
A series of simulations are conducted with different channel
gains and noise powers. We update using the
in (35) and
select such that at most an extra total power of 33.3\% is used.
We observe that Algorithm RDPC converges to the global optimum that meets the percent increase specified by . We update
, and at each time slot. Fig. 8 shows the convergence behaviors.
3A

typical SIR in the IS-95 CDMA system is 6 to 7 dB [10].

Fig. 7. Experiment 1. Evolution of received SIR when a new user enters the
channel at time slot 250. The top left graph shows the SIRs for Algorithm DPC.
The top right graph shows the SIRs for Algorithm DPC/ALP ( = 0:1). The
bottom left graph shows the SIRs for Algorithm RDPC. The bottom right graph
shows the evolution of (k ) for Algorithm RDPC, and the  changes from
0.0566 to 0.0572.

Fig. 8. Experiment 2. A typical numerical example of power and protection
margin allocation using Algorithm RDPC. The top left graph shows the power
variables p. The top right graph shows the Lagrange multipliers  . The bottom
left graph shows the achieved SIR with the targets, and the bottom right graph
shows the parameter .

C. Expt. 3 (Accelerate Convergence)
funcIn this experiment, based on the -parameterized
tion in Section V-B, we propose and test a simple heuristic to
achieve the goal of Experiment 2 with a faster convergence
speed. We initialize a large in (38), which is then decremented
by 1 at every update of using
in (38) until
. After
in (35). The goal of Experiment
that, is updated using
2 in achieving the SIR targets with a 33.3% increase in extra
power is achieved after convergence. Fig. 9 shows the convergence speed of the heuristic with different initial ’s, and the
baseline case of
(without the heuristic) is also included
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Fig. 9. Experiment 3. Accelerating convergence speed in the Algorithm RDPC
using  () in (38) for different initial choice of . The top left graph shows
= 0, i.e., the heuristic is not used. The titles of the
the baseline case for
other graphs indicate the initial used in the heuristic. As shown, in the case of
= 20, only 10 time slots are required to satisfy all the SIR targets, whereas
roughly 70 time slots are required in the baseline case. The heuristic with a larger
initial converges much faster.
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Fig. 10. Experiment 4. A typical numerical example of using Algorithm RDPC
at different timescales of ( ; ) update. A time slot on the x-axis of each graph
refers to a power update iteration. The top left graph shows an update of ( ; )
for every 10 time slots (1:10). The top right graph shows an update of ( ; )
for every 50 time slots (1:50). The bottom left graph shows an update of ( ; )
every 100 time slots (1:100), and the bottom right graph shows an update of
( ; ) every 200 time slots (1:200).

for comparison. As shown in Fig. 9, a larger allows all the received SIRs to rise and stay above the SIR targets in fewer time
slots than in the baseline case.
D. Expt. 4 (Different Timescale of Updates)
In our previous experiments, we update
at the same
timescale as in a primal-dual algorithm. In this experiment, we
repeat Experiment 2, but the base station updates
at different slower timescales as compared to the timescale of power
update by each user. In practice, the base station needs a relatively long time interval to measure the channel gains in order
to update
. Fig. 10 shows the convergence of the received
SIRs for different timescale updates of
. Interestingly, a
may not lead to a slower conslower timescale update of
vergence to the SIR targets , but only to the enhanced SIR targets
. As shown in Fig. 10, all the received SIRs rise
and stay above the SIR targets after the second update of
before converging to the enhanced SIR targets for the case of
timescale (1:50), (1:100), and (1:200).
E. Expt. 5 (3GPP2 Simulation With Various Network
Conditions)
The idea of providing protection against disturbance caused
by new users admission can also be extended to providing protection against SIR outage induced by mobility or fading channels [19]. In this experiment, we evaluate the power control algorithms under slow fading channels.
We use a simulator that models the realistic 3GPP2 uplink
evaluation network model [20]. The network model consists of
19 cells arranged in a three ring hexagonal structure. Each cell
is divided into three identical 120 degree sectors for a total of
57 base station sectors, as shown in Fig. 11. The base station angular sectorization pattern is based on the commercial Decibel
DB 932DG65T2E antenna, which has a 65 degree 3 dB bandwidth, 15 dB antenna gain and 20 dB front-to-back rejection.

Fig. 11. A hexagonal cellular network for the uplink simulation consisting of
19 cells. Cells are three-way sectorized for a total of 57 base stations. Cell radii
are normalized to unity. Path loss accounts for log-normal shadowing, and angular antenna pattern. The figure shows the locations of 300 random users connected to a base station at the lower sector of the center cell. Other users are not
shown explicitly.

Each user uses a single omni-directional antenna. We adopt the
pass loss model with a path loss exponent of 3.7 and log-normal
shadowing standard deviation of 8.9 dB. Users are distributed
uniformly in the 19 cells and connect to the base station to which
the path loss is minimum. In all our simulations, each realization of the network is initiated with 10 randomly selected users
in each base station sector, with a total of 570 users. We also use
a processing gain of 128 as in the IS-95 CDMA system [10]. The
channel gains vary at a timescale that is 40 times slower as compared to an iteration of each algorithm.
In each of the cells, Algorithm RDPC is configured with in
(35), where is set such that Algorithm RDPC uses at most 33%
more total power than Algorithm DPC. Algorithm DPC/ALP is
configured with a constant that is equal to 0.1.
First, we evaluate the network performance where users enter
and exit the same channel randomly due to mobility. New users
that do not reach their minimum SIR targets in 50 time slots are
removed from the channel. The heuristic in Expt. 3 is used on
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TABLE I
ADMISSION STATISTICS OF NEW USERS

Fig. 12. Experiment 5. A typical numerical example of Experiment 5 for lognormally distributed channel gains. A time slot on the x-axis of each graph refers
to a power update iteration. Evolution of received SIR when four groups of new
users enter the channel from time slot 250 to 350. The top left graph shows the
evolution of the total power. The top right graph shows the evolution of SIR for
Algorithm DPC. The bottom left graph shows the evolution of SIR for Algorithm DPC/ALP ( = 0:1). The bottom right graph shows the evolution of SIR
for Algorithm RDPC.

RDPC with initial
. Fig. 12 shows a typical numerical
example illustrating the total power in a particular cell and the
SIR evolution of an existing user (with SIR target 0.25) when
there are four groups of new users entering the same channel
from time slot 250 to 350, increasing the number of users from
10 to 50. As shown in Fig. 12, the user experiences SIR outage of
more than 30% when Algorithm DPC is used, whereas there is
no SIR outage in the case of Algorithm DPC/ALP and RDPC.
On the other hand, the total power in the channel can be relatively high in the case of Algorithm DPC/ALP whereas Algorithm RDPC adapts such that there is at most 33% increase
in total power as compared to Algorithm DPC at equilibrium.
We also observe from Fig. 12 that when there is a substantial
number of users in the channel, the total power evolution in Algorithm DPC/ALP can have a wide range of variation, while
the evolution of the total power in Algorithm RDPC is comparatively smoother. We also observe that the average percentage
increase in power for each user using Algorithm RDPC is approximately equal to the percentage increase in the total power
over Algorithm DPC, i.e., 33%.
Next, we compare the performance of Algorithm DPC/ALP
and RDPC by the average channel admission delay and the
average number of users that get admitted into a particular fixed
channel, which are both averaged over 10,000 random instances
of the simulation. For new users accessing the channel, we
implemented the time-out based voluntary drop-out scheme in
[2] in conjunction with Algorithm DPC/ALP and RDPC. The
voluntary drop-out scheme removes a user from the channel
after a time-out period of configurable length, which is a design
parameter to be optimized by testing. In all our simulations,
we use a fixed time-out period of 100 time slots. The user
that voluntarily drops out of the channel may access the same
channel after a back-off period [2]. The heuristic in Expt. 3
is used on Algorithm RDPC with initial
and
,
respectively.

Table I shows the average channel admission delay and the
average number of users that get admitted into the channel using
the different algorithm settings. We observe that the network capacity (number of users supported) using Algorithm DPC/ALP
can be low due to fixing . Moreover, the average channel access time for Algorithm RDPC using the heuristic in Expt. 3
with
can be much lower than that in DPC/ALP. A
small marginal increase in power expenditure when used appropriately can yield useful power control algorithms that are
robust against different kinds of disturbance and have good performance in terms of channel admission delay and network capacity.
We conclude this experiment by mentioning that the total
power expenditure for protection margin can be flexibly allocated for combating against disturbances that originate from different causes other than new user admission or mobility. For example, in a lightly loaded CDMA cell with highly mobile users
that are situated far away from the base station, a larger protection margin for mobility and fading can be used as compared to
a margin for guarding against admission of new users. Also, if
different amount of protection margin is associated to each user
(due to quality of service requirement), the results in Section III
can be extended to jointly optimize all the protection margins.
VII. CONCLUSION
Minimizing energy consumption and providing robustness of
SIR targets are two important yet conflicting goals of power
control in cellular networks. Built upon Algorithm DPC [1] and
Algorithm DPC/ALP [2], we develop Algorithm RDPC in this
paper to provide a flexible tradeoff between energy and robustness. This tradeoff is manifested both at equilibrium and during
transient, and both are modulated by the shape of an objective
profunction, e.g., through the -parameterized family of
posed here. The algorithm is simple to implement, backward
compatible with power control module currently in use, and
contains few tunable parameters with predictive models of their
effects.
A key idea behind Algorithm RDPC is to control a
time-varying robustness parameter
by inferring the congestion level in an interference-limited network, aided by an
interference price vector that iteratively updates a pair of
nonlinear equations in both the primal and dual domain. Proofs
establish the convergence and optimality properties of Algorithm RDPC, and numerical experiments verify its effectiveness
in providing both energy management and interference management and in modulating the energy–robustness tradeoffs.
In future work, we will investigate the possibility of separating the control of tradeoff during transient from that of
tradeoff at equilibrium. Another extension is to use Algorithm
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RDPC in wireless cognitive networks where the primary users
are protected from the co-channel secondary users.

and the DPC subproblem:

APPENDIX

(46)

A. Proof of Lemma 1
for all can

Solving (12) is equivalent to solving its Lagrange dual problem
over :

(42)

(47)

for all , where
denotes the th element of . Next, let
for all , where and are both strictly positive, and are
the left and right eigenvectors of , respectively. Moreover,
is normalized such that
. We then raise both sides of
(42) to the power of in the th constraint for all , and multiply
all these inequalities together to obtain a single inequality:

The solution of the ALP subproblem is obtained by solving the
following fixed point equation for a given :

First, the constraints in (10):
be rewritten as

(48)

(43)

The subproblem DPC has a solution that is closely related to
, i.e., (2). In particular,
in (46) and in
the case where
(47) satisfy (20), which are the Karush-Kuhn-Tucker optimality
conditions (cf. Theorem 2):

Now, it is known from [21] (cf. Theorem 3.1 in [21]) that for
any irreducible nonnegative matrix ,

(49)
(50)

(44)

with
(51)

. This implies that
. But,
positive feasible and , thus
for all

for all strictly
.

in (46) and
To compute
tively, modified to

in (47), (49)–(51) are, respec(52)
(53)

B. Proof of Lemma 2
is convex if
From the second derivative, the function
and only if the condition in Lemma 2 is true. The constraint set
in (12) is convex since
is concave in for all (see
[22]), and
is convex in .
C. Proof of Theorem 1
We introduce nonnegative Lagrange multipliers for all for
the SIR constraints in (12), and write the Lagrangian

and
(54)
Using Lemma 1, we note that the fixed point of (52)–(54)
. Assuming that
must be such that
in (48), and

, then
in (52) and (54), respectively.

and

D. Proof of Lemma 3
To show (19), since
is differentiable, for the perturbation
where is small, we use Taylor series expansion
to obtain
(55)
We can minimize the above Lagrangian to obtain the Lagrange
dual function
. Next,
can be obtained by a Lagrangian decomposition:

From sensitivity analysis (cf. [13, Sec. 5.6]), we have
for all , which we substitute in (55).
Choosing
yields (19).
E. Proof of Theorem 2

where
and
are, respectively, the optimal values
of the objective function of the following ALP subproblem:

First, (20) is obtained by applying the Karush-Kuhn-Tucker
optimality conditions to (18).
Next, by defining
for all , we can rewrite (20)
in matrix form as

(45)

(56)
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where is a vector of appropriate dimension whose entries
are all ones. Notice that we have implicitly used the fact that
for all in (56).
To solve for
in (20), note that
can be
solved using the Perron–Frobenius theorem in a way similar to
solving the power control problem in (2) [1], [2], [11]. Similarly, we propose the following algorithm, whose convergence
is based on the Perron–Frobenius theorem:

923

checks the eigenvalues of the Jacobian of the nonlinear dynamand
.
ical system. Let
Consider the following nonlinear system:
(60)
and
(61)

(57)
It converges asymptotically to
if and only if
since
. Indeed, we have
, which results in the limit

,

.
where
First, we assume that there is a fixed point to (60) and (61),
as
and we can therefore rewrite the fixed point

(62)

(58)

in (62) can also be

in (20)

(63)

From the perturbed constraint set of (17), we have
for all . For small ,
, thus
for all . Next, in (18), we let
for small (negative) . Hence,
for all . In Lemma 3, we let
for all . As compared to the total power used
by DPC, using Lemma 3, the increase in total power is (approxperimately)
cent.

and the series on the righthand side converges if and only if
. Hence, the fixed point is finite if and only if
. Similarly, this same condition holds for
the inverse in the expression for in (62) since
.
Next, to determine whether a fixed point exists, we note that the
Brouwer’s fixed-point theorem [24] guarantees that there exists
a fixed point
since the iterative functions (60) and (61)
are continuous, and
lies in a compact and convex set
as shown in the proof of Theorem 1.
To show local stability around the fixed point, consider the
following vector of functions:

Lastly,
for all if and only if

converges to

However, the inverse in the expression for
expressed as

.

F. Proof of Equation (32)

G. Proof of (38) Satisfying Lemma 2
for all
We first show that
positive integer is convex in . The second derivative of
is given by

(64)

(59)
Taking the Jacobian (denoted by
For
, is always nonpositive. Hence, the term
is strictly increasing in . For an even positive , there is an
even number of summands in (59), which, in addition with the
increasing property of
, implies that the summation in
(59) is positive. Thus,
. Similarly, for an odd
positive , the summation in (59) is negative, which together
with
gives
. Hence, for all positive integer ,
, which implies
is convex in .
Lastly, since
and the sum of convex functions is convex,
is thus convex in .
Similarly, we can show that the first derivative of
is always negative for
. Hence,
is strictly decreasing in , which implies
is decreasing in .
H. Proof of Theorem 3

) of (64), we have
(65)

where

(66)
(67)
(68)
and

We prove the stability of Algorithm RDPC for
by the Lyapunov’s first method [23, Ch. 4], which
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Hence, grouping the above expressions together, we have
(omitting the superscript for brevity):

still sum to 1). Hence, if
we have

is close to but strictly less than 1,

(76)

(70)
Let denote the matrix with entries
. Thus, from (70) and
after taking the absolute value on both sides, we have, elementwise,
(71)

(77)
The approximation in (40) can also be obtained similarly.
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where

Next, we note that
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