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Noncooperative game theory is a branch of game theory for the resolution of conflicts among interacting decision-makers (called players), each behaving selfishly to
optimize one’s own well-being. In recent years, there has been a growing interest in
using noncooperative games to model many communications and networking problems, where the interaction among several agents is by no means negligible and centralized approaches are not suitable. Examples are power control and resource sharing in wireless/wired and peer-to-peer networks (e.g., [39, 20, 34, 6, 32, 26, 33, 36]),
cognitive radio systems (e.g., [31, 35, 27]), and distributed routing, flow and congestion control in communication networks (e.g., [1] and references therein). Two
recent special issues on the subject are [17, 18]. A more general framework suitable for investigating and solving various optimization problems and equilibrium
models, even when classical game theory may fail, is known to be the variational
inequality (VI) problem that constitutes a very general class of problems in nonlinear analysis [11].
Building on the VI framework, in this chapter, we present a brief treatment of
two classes of Nash problems and their application to the design of cognitive radio
(CR) systems. The first is the class of Nash Equilibrium Problems (NEP) where
the interactions among players take place at the level of objective functions only.
The second is the class of Generalized Nash Equilibrium Problems (GNEP) where
in addition we have that the choices available to each player also depend by the
actions taken by his rivals. We focus on the existence and global uniqueness of
equilibria, and on distributed algorithms based on the best-response mapping. The
results discussed in this chapter are based on [12, 35, 30], to which we refer the
interested reader for a more comprehensive treatment of the subject.
The chapter is organized as follows. The first part−Section 0.1 for NEPs and Section 0.2 for GNEPs−is devoted to the development of general results. The second
part of the chapter−Section 0.3−applies those results to the design of CR systems.
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0.1 Nash Equilibrium Problems (NEP)
In a general noncooperative game, there are Q players each of whom has a cost
function and a strategy set that may depend on the other players’ actions. In a
NEP, player i’s strategy set Qi ⊆ Rni is independent of the other players’ strategies; player i’s cost function fi (xi , x−i ) depends on all players’ strategies which
are described by a vector x , (x1 , . . . , xQ ), where xi is the action of the player i
and x−i , (x1 , . . . , xi−1 , xi+1 , . . . , xQ ) denote the vector of all players’ strategies
variables except that of player i. The joint strategy set of the NEP is given by
Q = ∏Q
i=1 Qi , whereas Q−i , ∏ j6=i Q j . The NEP is formally defined by the tuple
G = hQ, fi, with f , ( fi )Q
i=1 : The aim of player i, given the other players’ strategies
x−i , is to choose an xi ∈ Qi that minimizes his cost function fi (xi , x−i ), i.e.,
minimize fi (xi , x−i )
xi

(0.1)

subject to xi ∈ Qi .
Roughly speaking, a NEP is a set of coupled optimization problems.

Definition 1. A pure-strategy Nash Equilibrium (NE), or simply a solution of the
NEP, is a feasible point x? such that
fi (x?i , x?−i ) ≤ fi (xi , x?−i ),
holds for each player i = 1, . . . , Q.

∀xi ∈ Qi

(0.2)


In words, a NE is a feasible strategy profile x? with the property that no single
player can benefit from a unilateral deviation from x?i . A useful way to see a NE
is as a fixed-point of the best-response mapping for each player. Let Bi (x−i ) be
the (possibly empty) set of optimal solutions of the i-th optimization problem (0.1)
and set B(x) , B1 (x−1 ) × B2 (x−2 ) × · · · × BQ (x−Q ). It is clear that a point x?
is a NE if and only if it is a fixed-point of B(x), i.e., if and only if x? ∈ B(x? ).
This observation is the key to the standard approach to the study of NEPs: the so
called fixed-point approach, which is based on the use of the well-developed machinery of fixed-point theory. This approach is adopted in the analysis of several
games proposed in the signal processing and communication literature (see, e.g.,
[39, 8, 34, 6, 26, 33, 32, 36] and [31, 35]). However, the applicability of the fixedpoint based analysis as used in the aforementioned papers requires the ability to
compute the best-response mapping B(x) in closed form; a fact that strongly limits
the applicability of this methodology.
In this chapter, we overcome this limitation by studying NEPs through their reduction to a VI problem. This approach is pursued also in [25, 24, 12, 30, 38] and,
resting on the well developed theory of VIs, has the advantage of permitting an easy
derivation of many results about existence, uniqueness, and stability of the solutions.
But its main benefit is probably that of leading quite naturally to the derivation of
implementable solution algorithms along with their convergence properties.
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0.1.1 Connection to Variational Inequalities
At the basis of the VI approach to NEPs there is an easy equivalence between a NEP
and a suitably defined partitioned VI. The (partitioned) VI problem is defined next.
Given Q defined as in Section 0.1, let F : Ω ⊃ Q → Rn be a continuous function on
Q

Q

Ω , ∏ Ωi with each Ωi being an open subset of Rni containing Qi , and n , ∑ ni .
i=1

i=1

ni
We write F(x) = (Fi (x))Q
i=1 where Fi : Ω → R is the i-th component block function
of F.

Definition 2. The variational inequality, denoted by VI(Q, F), is to find a vector
x? ∈ Q such that [11, Def. 1.1.1]
(x − x? )T F (x? ) ≥ 0,

∀x ∈ Q.

(0.3)

The set of solutions to this problem is denoted SOL(Q, F).
Several standard problems in nonlinear programming, game theory, and nonlinear analysis can be naturally formulated as a VI problem; many examples can be
found in [11, Ch. 1], [19, 37]. In particular, the equivalence between NEPs and VIs
is given in the following proposition, whose proof follows readily from the minimum principle for convex problems and the Cartesian structure of the joint strategy
set Q [11, Prop. 1.4.2].
Proposition 1. Given the NEP G = hQ, fi, suppose that for each player i the following hold:
i) The (nonempty) strategy set Qi is closed and convex;
ii) For every fixed x−i ∈ Q−i , the payoff function fi (xi , x−i ) is convex and continuously differentiable in xi ∈ Ωi ⊃ Qi .
Then, the game G is equivalent to the VI(Q, F), where F(x) , (∇xi fi (x))Q
i=1 .
Building on the VI reformulation above and the well-developed framework of
VIs, we focus on the main properties of the NEP, namely: the existence and uniqueness of the solution and the design of distributed algorithms along with their convergence properties. To this end, throughout the chapter, we make the following
convexity/smoothness assumption.
Assumption 1. For each i = 1, . . . , Q, the set Qi ⊂ Ωi is a nonempty, closed and
convex subset of Rni and the function fi (xi , x−i ) is convex in xi ∈ Qi for every
fixed x−i ∈ Q−i and twice continuously differentiable in x ∈ Ω ⊃ Q = ∏i Qi with
bounded second derivatives on Q.
Remark 1 (On Assumption 1). For the purpose of this chapter, it is enough to focus
only on games that satisfy Assumption 1 (all the games we study in the second part
of the chapter satisfy this condition indeed). However, Assumption 1 can be relaxed,
following the techniques developed in [12].
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0.1.2 Solution Analysis of the NEP
The solution analysis of a NEP can be carried out in several ways. Here, we address
this issue by using the equivalence between the NEP G and the VI(Q, F) illustrated
in Proposition 1. Some of the results in this section (especially those related to existence) could be obtained under weaker assumptions; however our derivation based
on the VI reformulation is interesting in its own right and furthermore prepares the
ground for the algorithmic developments of next sections. We begin our analysis by
introducing some basic definitions.
n
Definition 3. A mapping F = (Fi (x))Q
i=1 : Ω ⊃ Q 3 x→R is

(i)

monotone on Q if for all x and y in Q,
( x − y )T ( F(x) − F(y) ) ≥ 0;

(0.4)

(ii) strictly monotone on Q if for all x 6= y in Q the inequality in (0.4) is strict;
(iii) strongly monotone on Q if a constant csm > 0 exists such that for all x and y
in Q,
( x − y )T ( F(x) − F(y) ) ≥ csm k x − y k2 .
(0.5)
The constant csm is called the strong monotonicity constant of F;
(iv) a uniform P-function on Q = ∏i Qi if a constant cuP > 0 exists such that for
Q
all x = (xi )Q
i=1 and y = (yi )i=1 in Q,
max ( xi − yi )T ( Fi (x) − Fi (y) ) ≥ cuP k x − y k2 .

1≤ i ≤Q

(0.6)

Among the above monotonicity properties, the following relations hold:
strongly monotone ⇒uniform P⇒strictly monotone⇒monotone.

(0.7)

Monotonicity properties play in the VI realm the same role that convex functions
play in optimization. In fact, we recall that a differentiable function f is convex,
strictly convex, strongly convex on a convex set Q if and only if its gradient is
monotone, strictly monotone, strongly monotone on Q. The next theorem collects
some rather standard results on solution properties of a VI [11]; thanks to Proposition 1, these results readily extend to NEPs.
Theorem 1. Given the NEP G =<Q, f>, suppose that G satisfies Assumption 1
and let F(x) , (∇xi fi (x))Q
i=1 . Then the following statements hold.
The VI(Q, F) (the NEP G ) has a (possibly empty) closed solution set. If all
strategy sets Qi are bounded, the solution set is nonempty and thus compact;
(b) If F(x) is monotone on Q, then the VI(Q, F) (the NEP G ) has a convex solution set (possibly empty);
(c) If F(x) is strictly monotone on Q, then the VI(Q, F) (the NEP G ) has at most
one solution;
(a)
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If F(x) is a uniformly-P function (or strongly monotone) on Q, then the
VI(Q, F) (the NEP G ) has a unique solution.

Note that the uniqueness results stated in part (c)-(d) do not require that the set Q be
bounded. Some sufficient conditions for F(x) being a (strictly, strongly) monotone
or a uniformly-P function are given in the next section (see [30] for more details).

0.1.3 Monotonicity conditions for the vector function F
Q
Assuming that F is continuously differentiable on Ω , let JF(x) = Jx j Fi (x) i, j=1 be
the Jacobian of F, where Jx j Fi (x) is the partial Jacobian matrix of Fi with respect
to the x j vector. Note that when F(x) = (∇xi fi (x))Q
i=1 , with each f i : Ω i 7→ R being
a continuously differentiable function on Ωi , we have Jx j Fi (x) = ∇2xi x j fi (x), for
i, j = 1, . . . , Q, where Jxi Fi (x) = ∇2xi xi fi (x) is the Hessian matrix of fi .
It is well known and easy to show [23] that the following relations exist among
the monotonicity properties of F and the definiteness properties of the Jacobian
matrix JF.
i)
ii)
iii)

F(x) is monotone on Q
F(x) is strictly monotone on Q
F(x) is strongly monotone on Q

⇔
⇐
⇔

JF(x)  0, ∀x ∈ Q;
JF(x)  0, ∀x ∈ Q;
JF − csm I  0, ∀x ∈ Q;

(0.8)

where A  B (A  B) means that A − B is a positive semidefinite (definite) matrix.
In some applications we consider later on (cf. Section 0.3), it is useful to have at
hand some further sufficient conditions that guarantee monotonicity properties of F.
Below we give two such conditions. Let define the matrix JFlow having the same
dimension of JF(x) as

[JFlow ]rs ,


 inf [JF(x)]rr ,
x∈Q

if r = s,

 − sup |[JF(x)]rs | , otherwise.

(0.9)

x∈Q

and let introduce the “condensed” Q × Q real matrices ϒ F and Γ F , given by
(
α min
if i = j,
i ,
(0.10)
[ϒ F ]i j ,
−β max
,
otherwise,
ij
and
[Γ F ]i j ,


1


, if i = j,

 1 + α min
i





where

β max
ij
1 + α min
i

, otherwise,

(0.11)
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α min
, inf λ least (Jxi Fi (z))
i
z∈Q

and β max
, sup Jxi F j (z) ,
ij

(0.12)

z∈Q

with λ least (A) denoting the least eigenvalue of A.2 In order to explore the relationship between the two matrices ϒ F and Γ F , we need the following definition.
Definition 4. A matrix M ∈ Rn×n is called P-matrix if every principal minor of M
is positive.
Many equivalent characterizations for a P-matrix can be given. The interested reader
is referred to [7, 4] for more details. Here we note that any positive definite matrix
is a P-matrix, but the reverse does not hold (unless the matrix is symmetric).
Building on the properties of the P-matrices [7, Lemma 13.14], one can show that
ϒ F is a P-matrix if and only if ρ(Γ F ) < 1, where ρ(A) denotes the spectral radius of
A. The P-property of matrix ϒ F will be used to prove the uniqueness of the equilibrium of Nash games as well as the convergence of some of the proposed distributed
algorithms. The positive definiteness property of ϒ F and the strong monotonicity
constant csm of F will be exploited to study the GNEPs in Section 0.2. Matrices
JFlow and ϒ F are also instrumental to obtain sufficient conditions for the monotonicity of the mapping F (more results and milder conditions can be found in [30]),
as given next.
Proposition 2. Let F : Ω ⊃Q→ Rn be continuously differentiable with bounded
derivatives on Q. The following statements hold:
If either JFlow or ϒ F are positive semidefinite, then F is monotone on Q;
If either JFlow or ϒ F are positive definite, then F is strongly monotone on Q,
with strong monotonicity constant given by either csm = λ least (JFlow ) or csm =
λ least (ϒF ) ;
n
(c) Let F = (Fi (x))Q
i=1 : Ω = ∏i Ω i ⊃ Q = ∏i Qi 3 x→R . If ϒ F is a P-matrix,
then F is a uniformly P-function on Q, for some positive cuP .
(a)
(b)

A lower bound of cuP is given in [30].
Remark 2 (On the uniqueness of the NE - continued). Invoking Theorem 1 and
Proposition 2, one can readily obtain sufficient conditions for the uniqueness of
the NE of the game G . According to Theorem 1(d) and Proposition 2(c) indeed,
the NE of G is unique if the matrix ϒ F in (0.10) with F(x) = (∇xi fi (x))Q
i=1 is a
P-matrix. It turns out that this condition is sufficient also for global convergence of
best-response asynchronous distributed algorithms described in Section 0.1.4.1. To
give additional insight into the uniqueness of the NE of G we provide the following
diagonal dominance type conditions for the matrix ϒ F to be a P-matrix (positive
definite).

2

The least eigenvalue of a real (not necessarily symmetric) matrix A is the smallest eigenvalue of
the symmetric part of A.
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Proposition 3. The matrix ϒ F in (0.10) is a P-matrix (positive definite) if one of
(both) the following two sets of conditions are satisfied: for some w = (wi )Q
i=1 > 0,
1
wi

∑ wj
j6=i

β max
ij
α min
i

β max
1
ij
(0.13)
w
i min < 1, ∀ j = 1, · · · , Q.
w j i6∑
α
i
=j
h
i
2
is a P matrix, it must be α min
=
inf
λ
(∇
f
(z))
>0
min
z∈Q
xi i
i

< 1, ∀i = 1, · · · , Q,

Note that if ϒ F

for all i, where λ min (∇2xi fi (z)) denotes the minimum eigenvalue of ∇2xi fi (z). Thus
an implicit consequence of the P assumption of the matrix ϒ F is the uniform positive definiteness of the matrices ∇2xi fi on Q, which implies the uniformly strong
convexity of fi (·, x−i ) for all x−i ∈ Q−i .

0.1.4 Distributed algorithms for Nash equilibria
In this section, we discuss some iterative algorithms for computing a NE of NEP
(a solution of the VI). For the purposes of this chapter we restrict our attention to
distributed algorithms, with special emphasis to best-response iterative algorithms.
0.1.4.1 Best response decomposition algorithms
We focus on asynchronous-iterative algorithms, since they are particularly suitable
for CR applications. More specifically, we consider totally asynchronous schemes
(in the sense specified in [5]), where some players may update their strategies more
frequently than others and they may even use an outdated information about the
strategy profile used by the others. To provide a formal description of the algorithm,
we need to introduce some preliminary definitions. Let Ti ⊆ T ⊆ {0, 1, 2, . . .} be
(n)
the set of times at which player i updates his own strategy xi , denoted by xi (thus,
(n)
implying that, at time n ∈
/ Ti , xi is left unchanged). Let t ij (n) denote the most
recent time at which the strategy profile of player j is perceived by player i at the nth iteration (observe that t ij (n) satisfies 0 ≤ t ij (n) ≤ n). Hence, if player i updates its
strategy at the n-th iteration, then he minimizes his cost function using the following
(possibly) outdated strategy profile of the other players:


i (n))
i (n))
(t i (n))
(ti−1
(ti+1
(t i (n))
(ti (n))
x−i , x1 1 , . . . , xi−1
, xi+1
, . . . , xQQ
.
(0.14)
Some standard conditions in asynchronous convergence theory, which are fulfilled
in any practical implementation, need to be satisfied by the schedule Ti ’s and t ij (n)’s;
we refer to [5, 32] for the details. Through the whole chapter we assume that these
conditions are satisfied and call feasible such an updating schedule. Using the above
definitions, the totally asynchronous algorithm based on the best-responses of the
players is described in Algorithm 1. The convergence properties of the algorithm
are given in Theorem 2.

8

Theorem 2 ([30]). Let G =< Q, f > satisfy Assumption 1 and let F = (∇xi fi )Q
i=1 . If
ϒ F defined in (0.10) is a P-matrix, any sequence {x(n) }∞
generated
by
the
asynn=0
chronous best-response algorithm described in Algorithm 1 converges to the unique
NE of G , for any given updating feasible schedule of the players.
Algorithm 1: Asynchronous Best-Response Algorithm
(0)

Data : Choose any feasible starting point x(0) = (xi )Q
i=1 ; set n = 0.
(n)
(S.1) : If x satisfies a suitable termination criterion: STOP
(n+1)
(S.2) : Fori = 1, . . . , Q, compute xi
as



i
(t
?
 xi ∈ argmin fi xi , x−i(n)) , if n ∈ Ti
(n+1)
xi ∈Qi
xi
=
(0.15)
 (n)
xi ,
otherwise
end
(S.3) : n ← n + 1; go to (S.1).

Remark 3 (Flexibility of the algorithm). Algorithm 1 contains as special cases a
plethora of algorithms, each one obtained by a possible choice of the scheduling
of the users in the updating procedure (i.e., the parameters {trq (n)} and {Tq }).
Examples are the sequential (Gauss-Seidel scheme) and the simultaneous (Jacobi
scheme) updates, where the players update their own strategies sequentially and simultaneously, respectively. Interestingly, Theorem 2 states that all these algorithms
are robust against missing or outdated updates of the players and are guaranteed to
converge to the unique NE of the game under the same set of convergence conditions, since the matrix ϒ F (or ΓF ) does not depend on the particular choice of {trq (n)}
and {Tq }. This feature strongly relaxes the constraints on the synchronization of the
players’ updates; which makes this class of algorithms appealing in many practical
distributed systems.
Remark 4 (On the convergence conditions of best-response algorithms). We have
pointed out that the P property of ϒF (or equivalently ρ(ΓF ) < 1) cannot be satisfied
even if there is just one point where one player has a payoff function with singular
= 0 for some i, let us say i = 1
Hessian. In fact, if this is the case, we have, α min
i
without loss of generality, which implies that the matrix Γ F has a 1 in the left-upper
corner. Since the matrix ΓF is nonnegative, we have that this implies ρ(ΓF ) ≥ 1
[3, Th. 1.7.4]. Assuming that the element 1 is contained in an irreducible principal
matrix, we will actually have ρ(ΓF ) > 1. Note that the irreducibility assumption
is extremely weak and trivially satisfied if the matrix ΓF is positive, which is true
in most of our applications. We thus focus in the next subsection on alternative
distributed algorithms that are guaranteed to converge under milder assumptions that
do not require the strict or strong convexity of the payoff functions. These milder
conditions required on F to have convergence are traded for a slightly increasing
computational/signaling complexity.
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0.1.4.2 Proximal decomposition algorithms for monotone VIs
We focus now on distributed algorithms whose convergence is guaranteed under the
monotonicity assumption on the mapping F = (∇xi fi )Q
i=1 . Let us introduce first the
following assumption.
Assumption 2. The mapping F = (∇xi fi )Q
i=1 is monotone on Q = Q1 × . . . × QQ .
According to Proposition 1, solving the NEP G =< Q, f > is equivalent to solving the VI(Q, F) that, under Assumption 2, is monotone. This can be done in a host
of ways (see, e.g., [11, Vol. II]) but not directly by decomposition methods. Here
our interest is on devising distributed solution methods. To pursue this goal, we propose the following approach. We consider a regularization of the VI(Q, F), given by
VI(Q, F + τ(I − y)), where I is the identity map (i.e., I : x → x), y is a fixed vector
in Rn , and τ is a positive constant. Under Assumption 2, this regularized problem
is strongly monotone and thus has a unique solution (cf. Theorem 1); we denote by
Sτ (y) , SOL(Q, F + τ(I − y)) such a unique solution. The relationship between the
original game G =< Q, f > and the regularized VI is given in the following.
Lemma 1. Given the game G =< Q, f >, suppose that Assumptions 1 and 2 hold.
A tuple x? ∈ Q is a NE of the game if and only if it is a fixed point of the vector
function Sτ (y), i.e., x? = Sτ (x? ).
Under the monotonicity of F, the mapping Sτ (y) can be shown to be nonexpansive, meaning that, starting at a given iterate y(0) ∈ Q, the sequence generated by a
proper averaging of Sτ (y(n) ) and y(n) converges to a solution of the VI(Q, F). This
idea is formalized in Algorithm 2 below, whose convergence properties are given
in Theorem 3. Note that the convergence of the algorithm only requires the monotonicity of F. Moreover, one can also replace the exact computation of the solution
Sτ (x(n) ) (see step 2) of the regularized VI(Q, F + τ(I − x(n) )) with an inexact solution, without affecting the convergence of Algorithm 2 (provided that the error
bound goes to zero as n → ∞).
Algorithm 2: Proximal Decomposition Algorithm (PDA)
∞
Data : Let {ε n }∞
n=0 , {ρ n }n=0 , and τ > 0 be given, and choose any feasible
(0)
starting point x ; set n = 0.
(S.1) : If x(n) satisfies a suitable termination criterion: STOP.
(S.2) : Find a point z(n) such that kz(n) − Sτ (x(n) )k ≤ ε n .
(S.3) : Set x(n+1) , (1 − ρ n )x(n) + ρ n z(n) .
(S.4) : n ← n + 1; go to (S.1).

Theorem 3 ([30]). Let G =< Q, f > satisfy Assumptions 1 and 2 and let F ,
∞
(∇xi fi )Q
i=1 . Let {ε n } ⊂ [0, ∞) be a sequence such that ∑n=1 ε n < ∞, and let ρ n be
such that {ρ n } ⊂ [Rm , RM ] with 0 < Rm ≤ RM < 2, Then, the sequence {x(n) }∞
n=0
generated by the Proximal Decomposition Algorithm described in Algorithm 2 converges to a solution of the game G .
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A key point now becomes how to compute, for any given x(n) , a(n approximated) solution Sτ (x(n) ) of the regularized VI(Q, F + τ(I − x(n) )) in a distributed
way. The interesting point is that, going backwards by applying Proposition 1 to the
VI(Q, F + τ(I − x(n) )), one can see that Sτ (x(n) ) coincides with the unique (under
Assumption 2) NE of the following regularized game:
(n)

minimize fi (xi , x−i ) + τ2 kxi − xi k2
xi

subject to xi ∈ Qi ,

∀i = 1, . . . , Q.

(0.16)

It turns out that Sτ (x(n) ) can be computed in a distributed way using any iterative algorithm falling in class of asynchronous algorithms described in Algorithm 1
and applied to the regularized game in (0.16); theorem 2 states that such a class of
algorithms globally converges if the matrix
ϒ F,τ , ϒ F + τI,

(0.17)

with ϒ F defined in (0.10), is a P-matrix, which is guaranteed for any τ sufficiently
large. Stated in mathematical terms, we have the following.
Corollary 1 ([30]). In the setting of Theorem 3, if τ is chosen sufficiently large so
that ϒ F,τ is a P-matrix, then any Asynchronous Best-response Algorithm (see Algorithm 1) applied to the game in (0.16) converges to Sτ (x(n) ).
The only thing left to discuss at this point is how to check whether the condition
kz(n) − Sτ (x(n) )k ≤ ε n in Step 2 is satisfied. This can be certainly accomplished but
it is a rather technical issue and we refer to [30] for practical implementations of
this check, under different level of signaling and supervision.
Remark 5 (On the structure of Algorithm 2). Algorithm 2 is only conceptually a
double loop method. It is indeed very close to the iterative best-response algorithm
applied to game (0.16) (see Algorithm 1); the only difference being that “from time
to time” (more precisely when the inner termination test kz(n) − Sτ (x(n) )k ≤ ε n is
satisfied), the objective functions of the players are changed by changing the regu(n)
(n+1) 2
larizing term from τ2 kxi − xi k2 to τ2 kxi − xi
k .
Note that Algorithm 2 does not suffer of the main drawback of best-response
based schemes (cf. Remark 4), since the convergence conditions as given in Theorem 3 do not require the strong convexity of the payoff functions fi (·, x−i ). The
only (sufficient) condition we need is the monotonicity of F = (∇xi fi )Q
i=1 on Q (cf.
Proposition 2).

0.2 Generalized Nash Equilibrium Problems (GNEP)
In all previous developments we have assumed that the feasible set of each player
is independent of the rival players’ choices, but this is not always the case. There
are many applications of interest where the feasible sets naturally depend on the
variables of the player’s rivals (see, e.g., Section 0.3). The GNEP extends the classical NEP setting described so far precisely by assuming that each player’s strategy
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set can depend on the rival players’ strategies x−i . In order to describe a GNEP we
denote by Qi (x−i ) ⊆ Rni the feasible set of player i when the other players choose
x−i . Analogously to the NEP case, the aim of each player i, given x−i , is to choose
a strategy xi ∈ Qi (x−i ) that solves the problem
minimize fi (xi , x−i )
xi

subject to xi ∈ Qi (x−i ).

(0.18)

Definition 5. A Generalized Nash Equilibrium (GNE), or simply a solution of the
GNEP, is a feasible point x? such that
fi (x?i , x?−i ) ≤ fi (xi , x?−i ),

∀xi ∈ Qi (x?−i )

(0.19)

holds for each player i = 1, . . . , Q.
Due to the variability of the feasible sets, the GNEP is a much harder problem
than an ordinary NEP. Indeed, in its full generality, the GNEP problem is almost
intractable and also the VI approach is of no great help. We then restrict our attention
to particular classes of (more tractable) equilibrium problems: The so-called GNEPs
with jointly convex shared constraints (see [10] for a survey on GNEPs).
Definition 6. A GNEP is termed as GNEP with jointly convex shared constraints if
the feasible sets are defined as:

(0.20)
Qi (x−i ) , xi ∈ Q i : g(xi , x−i ) ≤ 0 ,
where Q i ⊆ Rni is the closed and convex set of individual constraints of player i
and g(xi , x−i ) ≤ 0 represents the set of shared coupling constraints (equal for all the
players), with g , (g j )mj=1 : Rn → Rm (jointly) convex in x.
Note that if there are no shared constraints the problem reduces to a standard
NEP. We can give a geometric interpretation to (0.20), as shown next. For a GNEP
with shared constraints, let us define a set Q in the product space of all players:

(0.21)
Q , x ∈ Rn : g(x) ≤ 0 and xi ∈ Q i , ∀i = 1, . . . , Q .
It is easy to check that the set Q is closed and convex and that each feasible set is
just a “slice” of the “big” set Q:

Qi (x−i ) = xi ∈ Q i : g(xi , x−i ) ≤ 0 = {xi ∈ Rn : (xi , x−i ) ∈ Q}. (0.22)
Similarly to the NEP, throughout the chapter we make the following convexity/smoothness assumption for the GNEP with shared constraints.
Assumption 3. For each i = 1, . . . , Q, the set Q i is a nonempty, closed and convex
subset of Rni and the function fi (xi , x−i ) is twice continuously differentiable in x and
convex in xi for every fixed x−i ; the functions g(x) = (g j (x))mj=1 are continuously
differentiable and jointly convex in x.
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0.2.1 Connection to VIs: The variational solutions
GNEPs with shared constraints are still very difficult, but some types of solutions
can be studied and calculated relatively easily by using a VI approach. More specifically, invoking the minimum principle, one can readily obtain the following connection between GNEPs and VIs (see, e.g., [9, 2]).
Lemma 2. Let G =< Q, f > be a GNEP with shared constraints. Suppose that G
satisfies Assumption 3 and let VI(Q, F) be the VI with Q defined in (0.21) and
F , (∇xi fi )Q
i=1 . Then, every solution of the VI(Q, F) is a solution of the GNEP G .
Note that passing from the GNEP to the associated VI not all the GNEP solutions
are preserved: Lemma 2 in fact does not state that any solution of the GNEP is also
a solution of the VI (see [9, 2, 13] for further details and examples). Solutions of the
GNEP that are also solutions of the VI(Q, F) are termed as “variational solutions”
[10] or “normalized solutions” [28]. Variational solutions enjoy some remarkable
properties that make them particularly appealing in many applications. To discuss
this issue further, assume that we have a GNEP with jointly convex shared constraints satisfying Assumption 3 and that some constraint qualification (CQ) (see,
e.g., [11, Sec. 3.2]) holds at all elements in every set Qi (x−i ) defined in (0.22). Under these assumptions the GNEP is equivalent to its KKT system that is obtained
concatenating the KKT conditions of the convex optimization problem in (0.18)
of each player: x? is a solution of the GNEP if and only if there exist multipliers
Qm
λ ? = (λ (i)? )Q
i=1 ∈ R+ such that
0 ∈ ∇xi Li (x?i , x?−i , λ (i)? ) + N (x?i , Q i )
0 ≤ λ ?(i) ⊥ g(x? ) ≤ 0

∀i = 1, . . . , Q,

(0.23)

where
Li (xi , x−i , λ (i) ) , fi (x) + λ (i)T g(x)

(0.24)

is the Lagrangian function of player i’s optimization problem (0.18), with λ (i) =
(i)
(λ k )m
denoting the multipliers of the shared constraints g(x) ≤ 0, and N (x?i , Q i )
 k=1 n
, d ∈ R i : dT (y − x?i ) ≤ 0, ∀y ∈ Q i is the normal cone to Q i at x?i . Similarly,
assume some suitable CQ at all elements in the set Q defined in (0.21). Then, the
VI(Q, F), with F , (∇xi fi )Q
i=1 , is equivalent to its KKT system [11]: x̄ is a solution
of the VI(Q, F) if and only if there exist multipliers λ̄ ∈ Rm
+ such that

0 ∈ ∇xi Li x̄i , x̄−i , λ̄ + N (x̄i , Q i ),
0 ≤ λ̄ ⊥ g(x̄) ≤ 0

∀i = 1, . . . , Q.

(0.25)

Comparing (0.23) with (0.25) it is not difficult to see that the KKT system (0.25)
is a special case of (0.23) with λ ?(1) = . . . = λ ?(Q) = λ , meaning that a solution x
of the GNEP is a variational solution if and only if the shared constraints have the
same multipliers for all the players. More formally, we have the following.
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Lemma 3. Let G =< Q, f > be a GNEP with shared constraints satisfying Assumption 3, and let VI(Q, F) be the VI with Q defined in (0.21) and F , (∇xi fi )Q
i=1 . Then,
the following hold:
(i) Suppose that x is a solution of the VI(Q, F) at which the KKT (0.25) holds with
multipliers λ . Then x is a solution of the GNEP at which the KKT (0.23) holds with
λ ?(1) = . . . = λ ?(Q) = λ ;
(ii) Conversely, suppose that x? is a solution of the GNEP at which the KKT (0.23)
holds with λ ?(1) = . . . = λ ?(Q) . Then x? os a solution of the VI(Q, F) and the pair
(x? , λ ?(1) ) satisfies the KKT (0.25).
The importance of Lemma 2 and 3 is twofold. First, we can use VI results as
given in Section 0.1 (see also [11, Sec. 2]) to obtain practical conditions ensuring
the existence and the uniqueness of variational solutions for a GNEP with shared
constraints; we leave to the reader the easy task to duplicate these results. Second,
Lemma 3 gives rise to an interesting game theoretical pricing-based interpretation
of the variational solutions, useful to design distributed algorithms, as detailed in
the next section.

0.2.2 Distributed algorithms for variational solutions
In this section, we develop distributed algorithms to compute the variational solutions of a GNEP with jointly convex shared constraints. The presence of the
coupling constraints g(x) ≤ 0 prevents a direct application of the decomposition
methods presented in Section 0.1.4 to the VI(Q, F), because Q does not have a
Cartesian structure. To overcome this issue, we rewrite the VI(Q, F) in a more convenient form, as detailed next. Consider the problem of finding a couple (x̄, λ̄ ), with
λ̄ = (λ̄ k )m
k=1 such that x̄ solves the NEP
T

Gλ̄ :

minimize fi (xi , x−i ) + λ̄ g(x)
xi

subject to xi ∈ Q i ,

∀i = 1, . . . , Q,

(0.26)

and furthermore
0 ≤ λ̄ ⊥ g(x̄) ≤ 0.

(0.27)

We can interpret the λ̄ as prices paid by the players for using the common “resource”
represented by the shared constraints. Condition (0.27) says that the players actually
have to pay only when the resource becomes scarce. In the following we refer to the
NEP in (0.26) with fixed vector λ as Gλ . A direct comparison of the KKT conditions
of NEP (0.26) augmented with condition (0.27) and the KKT conditions (0.25) leads
to the following interesting result.
Lemma 4. Suppose that the GNEP with shared constraints G =< Q, f > satisfies
assumptions in Lemma 2 and some CQ holds at all the elements in the set Q defined
in (0.21). Then, (x̄, λ̄ ) is a solution of the problem (0.26)-(0.27) if and only if x̄ is a
variational solution of the GNEP−the VI(Q, F), with F = (∇xi fi )Q
i=1 − and λ̄ is the
corresponding multiplier of the shared constraints.
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Based on Lemma 4 we are now able to compute the variational solutions of the
GNEP as solutions of (0.26)-(0.27), to which we can apply in principle the theory
developed in Sections 0.1. Similarly to the NEP case, we consider both cases of
strongly-monotone (uniformly-P) and monotone games.
0.2.2.1 Algorithms for strongly monotone pricing games
To describe the proposed algorithms we need the following preliminary definitions
and results. Under the convexity of the shared constraints g(x) and the positive definiteness of matrix ϒ F defined in (0.10), which implies the strongly monotonicity of
F = (∇xi fi )Q
i=1 (see Proposition 2), the game Gλ in (0.26)−the strongly monotone
VI(Q, F + ∇x gλ ), with Q , ∏Q
i=1 Q i and ∇x g denoting the matrix whose i-th column is equal to ∇x gi −has a unique NE x? (λ ), for any λ ≥ 0. Under this condition,
let define the map
?
Φ(λ ) : Rm
(0.28)
+ 3 λ → −g (x (λ ))
which measures the (negative) violation of the shared constraints at x? (λ ).
Based on (0.26)-(0.27), the key result to devise distributed algorithms is given in
?
Theorem 4 below, where F = (∇xi fi )Q
i=1 , x (λ ) denotes the unique NE of Gλ (under
the positive definiteness of matrix ϒ F ), and ϒ F , Q, and Φ are defined in (0.10),
(0.21), and (0.28), respectively.
Theorem 4 ([30]). Given the problem (0.26)-(0.27), suppose that Assumption 3 and
some CQ at all elements of the set Q hold true. If ϒ F  0, then the following hold:
(a) The problem (0.26)-(0.27) is equivalent to the nonlinear complementarity problem (NCP) in the price tuple λ
NCP(Φ) :
0 ≤ λ ⊥ Φ(λ ) ≥ 0.
(0.29)
The equivalence is in the following sense: the NCP(Φ) must have a solution and, for
any such a solution λ NCP , the pair (x? (λ NCP ), λ NCP ) is a solution of (0.26)-(0.27),
with x? (λ NCP ) = xVI , where xVI is the unique solution of the VI(Q, F); conversely, if
(xNE , λ NE ) is a solution of (0.26)-(0.27) [xNE = SOL(Q, F)], then λ NE is a solution
of the NCP(Φ) with x? (λ NE ) = xNE ;
(b) The problem (0.26)-(0.27) has a unique least-norm price tuple, denoted by
λ NE,ln , such that kλ NE,ln k2 ≤ kλ NE k2 , for any price solution λ NE of (0.26)-(0.27).
Remark 6 (On the uniqueness of the solution). Observe that, under ϒ F  0, Theorem 4(a) implies only the uniqueness of the variables x of the problem (0.26)(0.27) [the primal variables of the VI(Q, F)], but not of the price tuple λ . The interesting result is that, in such a case, all these prices λ NCP −the solutions of the
NCP(Φ)−yield solution pairs (x? (λ NCP ), λ NCP ) of (0.26)-(0.27) having the same
optimal xNE , i.e., x? (λ NCP ) = xNE . Part (b) of the theorem identifies a unique special price tuple λ NE,lm .
The NCP reformulation of the problem (0.26)-(0.27) as stated by Theorem 4
offers the possibility of devising iterative algorithms that can be implemented in
a distributed fashion among all players (because the feasible set of the NCP has

0.2 Generalized Nash Equilibrium Problems (GNEP)

15

a Cartesian structure) and whose convergence can be studied using known results
from the theory of VIs (cf. [11, Chapter 12]). An example is the Projection Algorithm with variable steps [11, Alg. 12.1.4] applied to the NCP(Φ) in (0.29) and formally described in Algorithm 3 (under the assumption ϒ F  0), where Q = ∏i Q i
and F = (∇xi fi )Q
i=1 . The convergence properties of the algorithm are given in Theorem 5. For other algorithms we refer to [27, 30, 38].
Algorithm 3: Projection Algorithm with Variable Steps (PAVS)
Data : Choose any λ (0) ≥ 0; set n = 0.
(S.1) : If λ (n) satisfies a suitable
criterion: STOP.
 termination

(n)
(n)
?
(S.2) : Given λ , compute x λ
as the unique NE of Gλ (n) :
x? (λ (n) ) = SOL(Q, F + ∇x gλ (n) ).

(0.30)

(S.3) : Choose τ n > 0 and update the price vectors λ according to
h

i+
(0.31)
λ (n+1) = λ (n) − τ n Φ λ (n)
.
(S.4) : Set n ← n + 1; go to (S.1).
Theorem 5 ([30]). Suppose ϒ F  0. If the scalars τ n are chosen so that 0 < infn τ n ≤
supn τ n < 2 csm /c2Lip , with cLip , maxx∈Q ∇x g(x)T 2 and csm defined in Proposition 2(b), then the sequence {λ (n) }∞
n=0 generated by Algorithm 3 converges to a
solution of the NCP(Φ).
Remark 7 (On the convergence of the inner loop via distributed algorithms). The
implementation of Algorithm 3 requires the computation of the solution of the Gλ (n)
(0.30) for a given set of prices, possibly in a distributed way. Given λ ≥ 0, the game
Gλ is a NEP and thus one can solve it by using any of the algorithms proposed in
Section 0.1.4 for NEPs. We refer to [30] for a detailed study of the convergence of
asynchronous algorithms applied to the VI(Q, F + ∇x gλ (n) ). The interesting result
is that, when the vector function g(x) is separable, i.e. g(x) = ∑Q
i=1 gi (xi ), conditions
in Theorem 5 are sufficient for the convergence of both loops in Algorithm 3.
0.2.2.2 Algorithms for monotone pricing games
We focus now on the case in which the problem (0.26)-(0.27) (the associated VI)
is monotone. In such a case, Algorithm 3 is not guaranteed to converge anymore;
instead, the outer loop has to be complicated. To avoid this complication, here we
consider a different approach, based on an equivalent reformulation of (0.26)-(0.27).
To this end, observe first n
that the priceocomplementarity condition in (0.27) is equiv0
alent to λ ∈ argminλ 0 ≥0 −λ T g(x) . Then, consider the NEP with Q + 1 players
in which the “new” (Q + 1)-th player controls the price variables λ :
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minimize fi (xi , x−i ) + λ T g(x)
xi

subject to xi ∈ Q i ,

∀i = 1, . . . , Q,
(0.32)

minimize −λ T g(x).
λ ≥0

The difference between the problem (0.26)-(0.27) and the NEP (0.32) is that,
in the latter game there are no side constraints, but the complementarity condition
is treated as an additional player of the game (at the same level of the other Q
players), who solves a nonnegatively constrained linear program in the variable λ
parametrized by x. It is not difficult to see that this new extended game has the same
solution set of the problem (0.26)-(0.27) [note that g(x) ≤ 0 in (0.32) is implicitly
satisfied at the equilibrium]. Therefore, one can compute a variational solution of
a GNEP with jointly convex shared constraints by finding a solution of the NEP in
e F),
e where Qe , ∏Q Q i ×
(0.32). This game is equivalent to the partitioned VI(Q,
i=1
e
Rm
+ and F(x, λ ) is defined as
!
!
Q
(∇
f
(x)
+
∇
g(x)λ
)
F(x)
+
∇
g(x)λ
x
i
x
x
i
i
i=1
e λ) ,
F(x,
=
.
(0.33)
−g(x)
−g(x)
Q
e
Proposition 4. If F(x) = (∇xi fi (x))Q
i=1 is monotone on ∏i=1 Q i , then also F(x, λ )
e
is monotone on Q.

It follows from Proposition 4 that, under Assumptions 2 and 3, one can compute
a variational equilibrium of the GNEP by applying
 Algorithm 2 described
 in Section
(n)
(n)
e
e
e
e where Sτ (y ) , SOL Q, F
e + τ (I − y ) in the step 2
0.1.4.2 to the VI(Q, F),


e F
e + τ (I − y(n) ) ,
of the algorithm is the unique solution of the regularized VI Q,
given y(n) , (x(n) , λ (n) ). This is formalized in the following.
Theorem 6 ([30]). Suppose that the GNEP with shared constraints G =< Q, f >
satisfies Assumptions 2 and 3, and some CQ holds at all the elements in the set
Q defined in (0.21). Let {ε n } ⊂ [0, ∞) be a sequence such that ∑∞
n=1 ε n < ∞, and
let ρ n be such that {ρ n } ⊂ [Rm , RM ], with 0 < Rm ≤ RM < 2. Then, the sequence
{(x(n) , λ (n) )}∞
n=0 generated by the PDA described in Algorithm 2 and applied to the
e F)
e converges to a variational solution of the GNEP.
VI(Q,
(n)
(n) (n)
The last thing left to discuss is how to compute, for any
 given y , (x ,λ ),
e F
eτ (y(n) ) of the regularized VI Q,
e + τ (I − y(n) ) . Una(n approximated) solution S


e F
e + τ (I − y(n) ) is equivalent to the following
der Assumptions 2 and 3, the VI Q,
regularized NEP
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(n) 2

minimize fi (xi , x−i ) + λ T g(x) + τ2 xi − xi
xi

∀i = 1, . . . , Q

subject to xi ∈ Q i ,
minimize −λ T g(x) + τ2 λ − λ (n)

(0.34)
2

λ ≥0

whose Nash equilibria can be distributively computed by using the Asynchronous
Best-response Algorithms described in Algorithm 1. The global convergence of
such a class of algorithms is guaranteed for sufficiently large τ > 0, as stated in
the following corollary, restricted to the case of separable g(x) = ∑Q
i=1 gi (xi ) (the
more general case of non separable g is addressed in [30]), where F = (∇xi fi )Q
i=1 ,
the matrix ϒ̄ F,τ is defined as
"
#
ϒ F + τI −γ
ϒ̄ F,τ ,
(0.35)
−γ T
τ
with ϒ F defined in (0.10), γ , (γ i )Q
i=1 , and γ i , supzi ∈Q i k∇xi gi (zi )k2 .
Corollary 2 ([30]). In the setting of Theorem 6, if g(x) = ∑Q
i=1 gi (xi ) and τ is chosen
sufficiently large so that ϒ̄ F,τ is a P-matrix, then any Asynchronous Best-response
eτ (y(n) ).
Algorithm (see Algorithm 1) applied to the game in (0.34) converges to S
Remark 8 (Partial regularization schemes). In some situations, the optimization
problems of some players might be “convex enough” to require no regularization.
The study of the convergence properties of distributed schemes based on “partial
regularizations” is addressed in [30].

0.3 Design of CR Systems based on Game Theory
In the last decade, CR has received considerable attention as a way to improve the
efficiency of radio networks [21, 15]. CR networks adopt a hierarchical access structure where the primary users (PUs) are the legacy spectrum holders while the secondary users (SUs) are the unlicensed users who sense the electromagnetic environment and adapt their transceivers parameters as well as the resource allocation
decisions in order to dynamically access temporally unoccupied spectrum regions.
We consider a hierarchical CR network composed of P PUs and Q SUs, each
formed by a transmitter-receiver pair, coexisting in the same area and sharing the
same band. We focus on (block) transmissions over SISO frequency-selective channels; more general results valid for MIMO channels can be found in [31, 35]. Because of the lack of coordination among the CR users and the competitive nature
of the system, the set of SUs can be naturally modeled as a frequency-selective
N-parallel Gaussian interference channel, where N is the number of available subcarriers. The transmission strategy of each SU i is then the power allocation vector
pi = (pi (k))Nk=1 over the N subcarriers, subject to the transmit power constraints
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∑Nk=1 pi (k) ≤ Pi . Under mild conditions (see, e.g., [27]), the maximum information
rate on link i for a specific power allocation profile p1 , . . . , pQ is
!
N
|Hii (k)|2 pi (k)
ri (pq , p−q ) = ∑ log 1 + 2
,
(0.36)
σ i (k) + ∑ j6=i |Hi j (k)|2 p j (k)
k=1
where σ 2i (k) is the thermal noise power over carrier k, Hi j (k) is the channel transfer
function between the secondary transmitter j and the receiver i, and p−i , (p j ) j6=i
is the set of all the users power allocation vectors, except the i-th one.
Temperature-interference constraints: Differently from traditional static or centralized spectrum assignment, opportunistic communications in CR systems enable
SUs to transmit with overlapping spectrum with PUs, provided that the degradation
induced on the PUs’ performance is null or tolerable [15]. In this chapter, we envisage the use of two classes of interference constraints termed individual conservative
and global flexible constraints: for each i = 1, . . . , Q,
-

Individual per-carrier interference constraints,
peak

pi (k) ≤
-

pmax
(k) ,
i

I p,i (k)

min

p=1,...,P

(P,S)

|H pi

(k)|2

,

∀k = 1, · · · , N;

(0.37)

Individual overall bandwidth interference constraints,
N

(P,S)

∑ |Hpi

tot
(k)|2 pi (k) ≤ I p,i

∀p = 1, . . . , P;

(0.38)

∀k = 1, · · · , N, ∀p = 1, . . . , P;

(0.39)

k=1

-

Global per-carrier interference constraints,
Q

(P,S)

∑ |Hpi

(k)|2 pi (k) ≤ I ppeak (k),

i=1

-

Global overall bandwidth interference constraints,
Q

N

(P,S)

∑ ∑ |Hpi

(k)|2 pi (k) ≤ I ptot

p = 1, . . . , P

(0.40)

i=1 k=1
(P,S)

where H pi

(k) is the channel transfer function between the secondary transmitter i
peak

tot [I tot ] are the maxand the primary receiver p over carrier k; I p,i (k) [I ptot (k)] and I p,i
p
imum interference allowed to be generated by the SU i [all the SUs] that is tolerable
at the primary receiver p over carrier k and over the whole spectrum (licensed to the
peak
tot ’s can be obtained at the SUs’
PU p), respectively. The values of I p,i (k)’s and I p,i
transmitters if the type of PUs are known. Methods to obtain the interference limits
when the SUs do not have this knowledge are discussed in [15]. To avoid a trivial
solution, we assume w.l.o.g. that, for all k = 1, . . . , N and i = 1, . . . , Q, and some
p = 1, . . . , P,
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 I peak (k)

p,i
pmax
(k) < min
,
P
i
i
 |H (P,S) (k)|2 

i)

(0.41)

pi

(k) > Pi ,
∑Nk=1 pmax
i

ii)

or

(P,S)

∑Nk=1 |H pi

tot
(k)|2 pmax
(k) > I p,i
.
i

Individual interference constraints are motivated by all CR scenarios where primary terminals are oblivious to the presence of SUs (also called commons model
[14, 15]). These constraints lead to totally distributed algorithms with no signaling
among the SUs, as we will show later on. However, sometimes, they may be too
restrictive and thus marginalize the potential gains offered by the dynamic resource
assignment mechanism. The global interference constraints limit instead the aggregate interference, which is indeed the interference experimented by the PUs. These
constraints will be shown to lead to better performance of SUs than those achievable by imposing individual constraints. However, this gain comes at a price: The
resulting algorithms require some signaling between the PUs and SUs. Thus, they
can be employed in CR networks where an interaction between the PUs and the SUs
is allowed, as, e.g., in the so-called property-right CR model (or spectrum leasing)
[14].
Game Theoretical formulation under individual interference constraints. Let
define the strategy set of each SU i as
(
)
Pi ,

N

pi ∈ RN+ : 1T pi ≤ Pi ,

(P,S)

∑ |Hpi

tot
(k)|2 pi (k) ≤ I p,i
∀p,

pi ≤ pmax
i

(0.42)

k=1

and consider the NEP Gind =< ∏i Pi , (ri )Q
i=1 >, where each SU i, given the strategy
profile p−i of the other users, aims at maximizing his information rate ri (p) in (0.36)
under local power and interference constraints in Pi : for all i = 1, . . . , Q,
maximize ri (pi , p−i )
pi

(0.43)

subject to pi ∈ Pi .

First of all observe that, for any fixed p−i ≥ 0, the single-user optimization problem in (0.43) admits a unique solution [indeed, the feasible set is convex and compact and ri (pi , p−i ) is strictly concave in pi ∈ Pi ], given by the (multilevel) waterfilling expression [30]:
 pmax

(k)
i
2 (k) +
2 p (k)
σ
|H
(k)|
∑
1
ij
j
j6
=
i
i
?

−
(0.44)
pi (k) = 
(P,S)
|Hii (k)|2
µ + ∑P λ ip |H
(k)|2
i

p=1

pi

0

with k = 1, . . . , N, where [x]ba , min(max(a, x), b) for a ≤ b and the water-levels
µ i and {λ ip } are chosen to satisfy the following complementarity constraints:
(P,S)
tot
0 ≤ µ i ⊥ Pi − ∑Nk=1 p?i (k) ≥ 0 and 0 ≤ λ ip ⊥ I pi
− ∑Nk=1 |H pi (k)|2 p?i (k) ≥ 0, for
all p = 1, . . . , P; see [30] for efficient algorithms to compute these water-levels. The
Nash equilibria p? of the NEP Gind are thus the fixed-points of the waterfilling mapping (0.44). The study of such a game can be carried out using the VI framework
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developed in Section 0.1. Before stating the main results, we introduce the following
definitions. For the NEP Gind , matrix ϒ F in (0.10) becomes

[ϒ ind ]i j ,






min


 k=1,...,N

|Hii (k)|2
σ 2i (k) + ∑Nj=1 |Hi j (k)|2 pmax
j (k)

!2
, if i = j,
(0.45)





|Hi j (k)|2 |Hii (k)|2


,
 − max
k=1,...,N σ 2i (k)
σ 2i (k)

otherwise.

We also introduce the per-tone ϒ ind (k), defined for each k = 1, . . . , N as

[ϒ ind (k)]i j ,










|Hii (k)|2
N
2
σ i (k) + ∑ j=1 |Hi j (k)|2 pmax
j (k)





|Hi j (k)|2 |Hii (k)|2


,
− 2
σ i (k) σ 2i (k)

!2
, if i = j,
(0.46)
otherwise,

Note that ϒ ind ≤ ϒ ind (k) for all k. Building on Theorem 1 and Theorem 2 we obtain
the following results for the game Gind .
Theorem 7. Given the NEP Gind =< ∏i Pi , (ri )Q
i=1 >, suppose w.l.o.g. that condition i) and (the first of) ii) in (0.41) are satisfied. Then the following hold.
(a)
(b)

The NEP has a nonempty and bounded solution set;
Suppose that ϒ ind in (0.45) is a P-matrix. Then the NEP has a unique NE and
any sequence {p(n) }∞
n=0 generated by the asynchronous algorithm described in
Algorithm 1 and based on the waterfilling best-response (0.44) converges to this
equilibrium, for any given feasible updating schedule of the players.

Remark 9 (On the uniqueness/convergence conditions). Theorem 7 provides a physical interpretation of the conditions guaranteeing the uniqueness of the NE (and
convergence of the asynchronous IWFA): the uniqueness of the NE is ensured if
the interference among the SUs is sufficiently small. Sufficient conditions for ϒ ind
being a P-matrix easier to be checked can be readily obtained applying Corollary 3
to ϒ ind ; we leave this task to the reader.
If the channels and the power/interference constraints in the game Gind are such
that matrix ϒ ind is not a P-matrix, we can still guarantee convergence of distributed
algorithms to a NE of the game at the cost of some additional computational complexity. In fact, instead of the waterfilling best-response algorithm described in Algorithm 1, we can use the proximal algorithm described in Algorithm 2. According
to Theorem 3, the monotonicity of F(p) = (−∇pi ri (pi , p−i ))Q
i=1 on ∏i Pi is enough
to guarantee the global convergence of this algorithm.
Theorem 8. Given the NEP Gind =< ∏i Pi , (ri )Q
i=1 >, suppose that the mapping
Q
F(p) = (−∇pi ri (pi , p−i ))i=1 is monotone on ∏i Pi . Let {ε n } ⊂ [0, ∞) be a sequence
such that ∑∞
n=1 ε n < ∞, let ρ n be such that {ρ n } ⊂ [Rm , RM ] with 0 < Rm ≤ RM < 2,
let τ be sufficiently large so that ϒ ind + τI is a P matrix, and let Sτ (p(n) ) in Step 2 be
computed using the Asynchronous Best-response Algorithm described in Algorithm
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1. Then, the sequence {p(n) }∞
n=0 generated by Algorithm 2 applied to Gind converges
to a NE of Gind .
A sufficient condition for F(p) being a monotone mapping on ∏i Pi is that
ϒ ind (k)  0 for all k = 1, . . . , N (cf. Proposition 2).
Numerical results. In Figure 0.1, we compare the convergence properties of the
following algorithms: i) The simultaneous (multilevel) IWFA (best-response algorithm) described in Algorithm 2 and based on the mapping in (0.44); ii) the simultaneous proximal-response algorithm applied to game Gind , according to which
the players solve their regularized optimization problems simultaneously, while
changing the “center” of their regularization at each iteration; iii) the simultaneous version of the Proximal Decomposition Algorithm described in Algorithm
2 and applied to game Gind ; and iv) the iterative Tikhonov algorithm applied to
the VI(∏i Pi , (−∇pi ri )Q
i=1 ) associated to Gind and proposed in [38] (see also [19,
Ch. 15.2]). We refer to these algorithms as Simultaneous Iterative Waterfilling Algorithm (SIWFA), Jacobi Proximal-response Algorithm (JPRA), Jacobi Proximal
Decomposition Algorithm (JPDA), and Iterative Distributed Tikhonov Algorithm
(IDTA), respectively. Note that JPRA and JPDA differ only in the rule used to update the center of the regularization: in the former, the players change the center at
each iteration, whereas in the latter the center is kept fixed for a certain number of
iterations (until the condition in step 2 of the algorithm is satisfied).
We consider a hierarchical CR network where there are two PUs (the base
stations of two cells) and ten SUs, randomly distributed in the cell. The (cross)channels among the secondary links and between the primary and the secondary
links are simulated as FIR filter of order L = 10, where each tap has variance
equal to 1/L2 ; the available bandwidth is divided in N = 64 subchannels. We focus on two scenarios, namely low/medium interference and high interference scenario. Low/medium interference means that secondary links are far enough from
each other so that matrix ϒ ind defined in (0.45) is a P-matrix; whereas in the high
interference scenario, matrices ϒ ind (k) are positive definite, but ϒ ind is not a Pmatrix. In Figure 0.1(a) we plotted the average rate evolution of the SUs as a function of the iteration index in the low/medium interference case, corresponding to
snri , Pi /(σ 2i dii2 ) = 5dB and inri j , Pj /(di2j σ 2i ) = 0dB for all i and j 6= i; whereas
in the Figure 0.1(b) we compared the SIWFA with the JPDA in an high interference
scenario, corresponding to snri , Pi /(σ 2i dii2 ) = 0dB and inri j , Pj /(di2j σ 2i ) = 5dB
for all i and j 6= i. To make the picture not excessively overcrowded, we plot only
the curves of two out of the ten links. We examined the performance of the above
algorithms under the following setup (guaranteeing the fastest convergence speed
of each algorithm for the given scenario). In JPRA, we chose τ = 1; in JPDA we
set τ = 0.2 and the error sequence defining the inner termination criterion has been
chosen as ε n = ε 0 −n with ε 0 = 1e − 2, where n is the outer iteration index; in IDTA
we chose the variable step-size sequences γ n = n−0.4 and δ n = n−0.49 so that (sufficient) conditions for the convergence of IDTA given in [19, Prop. 15.1] are satisfied
(we use the same notation as in [38]; see therein for the details).
From Figure 0.1(a) we infer that in the low/medium interference regime, the SIWFA, the JPRA and the JPDA converge quite fast (less than 10 iteration) and exhibit
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almost the same convergence speed. The IDTA instead requires much more iterations (about 1500 iterations) to converge, which makes it not applicable in practice.
The same convergence properties as in Figure 0.1(a) has been experienced for all
the channel realizations we simulated. Figure 0.1(b) shows an example where the
SIWFA does not converge because of the high interference among the SUs; whereas
the proposed JPDA still converges in a few iterations. Interestingly, we experienced
convergence of our JPDA even when the matrices ϒ ind (k) are not positive semidefinite, provided that the error sequence {ε n } are properly chosen.
Low/medium interference
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Fig. 0.1 Comparison of distributed algorithms solving the game Gind in (0.43): Rates of the SUs’
versus the iteration index of two out ten users, achieved by the Simultaneous Iterative Waterfilling
Algorithm (SIWFA), the Jacobi Proximal-response Algorithm (JPRA), the Jacobi Proximal Decomposition Algorithm (JPDA), and the Iterative Distributed Tikhonov Algorithm (IDTA) in the
low/medium interference regime [subplot (a)] and high interference regime [subplot (b)].
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Game Theoretical formulation under individual/global interference constraints.
We focus now on the power control problem among the SUs in the presence of both
individual and global interference constraints. Because of the global constraints, the
game theoretical formulation of this problem leads to a GNEP with shared constraints (cf. Section 0.2), whose shared constrained set is given by
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(0.47)
where P , ∏i Pi and Pi is defined in (0.42).
Aiming at finding distributed algorithms, we focus our interest on the variational
solutions of the GNEP, which, according to Lemma 4, correspond to the solutions
of the following NEP with pricing:
P

maximize ri (pi , p−i ) −
pi
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that the following complementary conditions are satisfied:
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With a slight abuse of terminology, we will refer in the following to the NEP
(0.48) with the complementarity constraints (0.49) as game Gglob .
To study the above game we need the following intermediate definitions, based
(P,S)
on results in Section 0.2.2. Given the column vector h , (|| ∑Pp=1 H pi ||2 )Q
i=1 with
(P,S)

(P,S)

H pi , (|H pi (k)|2 )Nk=1 , the matrix ϒ τ in (0.35) associated to the problem (0.48)(0.49) becomes
#
"
ϒ ind + τ I −h
(0.51)
ϒ ind,τ ,
−hT
τ
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where ϒ ind is defined in (0.45). Among the several distributed schemes proposed
in the first part of the chapter to compute the solutions of Gglob , here we focus on
the following, leaving to the reader the task of specializing the other proposed algorithms to game Gglob : i) Projection Algorithm with Variable Steps (PAVS), described
in Algorithm 3; and ii) Proximal Decomposition Algorithm (PDA) described in Algorithm 2. The Step 2 of Algorithm 3−the computation of the NE of the game
in (0.48) for λ = λ (n) −and the Step 2 of Algorithm 2−the computation of the NE
Sτ ((p(n) , λ (n) )) of the game obtained by the proximal regularization of (0.48)-(0.49)
[see (0.34)]−can be efficiently computed using the asynchronous best-response algorithm described in Algorithm 1, whose best-response for both games has a closed
form (multi-level waterfilling) expression [30]. Building on Theorems 4, 5, and 6,
we obtain the following results for the problem Gglob .
Theorem 9. Given the problem Gglob , suppose w.l.o.g. that conditions (0.41) are
satisfied; let F(p) , (−∇pi ri (pi , p−i ))Q
i=1 . Then, the following statements hold.
Gglob has a nonempty and bounded solution set;
Suppose that ϒ ind  0. Then: i) the power vector p? at every solution of Gglob
is unique; and ii) any sequence {λ (n) , p? (λ (n) )}∞
n=0 generated by the PAVS converges to a solution of Gglob , provided that the scalars τ n are chosen so that
0 < infn τ n ≤ supn τ n < 2 λ least (ϒ ind )/ khk22 ;
(c) Suppose that the mapping F(p) is monotone on P̂. Let {ε n } ⊂ [0, ∞) be a
sequence such that ∑∞
n=1 ε n < ∞, let ρ n be such that {ρ n } ⊂ [Rm , RM ] with 0 <
Rm ≤ RM < 2, and let τ be sufficiently large so that ϒ ind,τ defined in (0.51) is a
P-matrix. Then, the sequence {p(n) , λ (n) }∞
n=0 generated by the PDA converges to
a solution of Gglob .
A sufficient condition for F(p) being a monotone mapping on P̂ is that ϒ ind (k) 
0, for all k = 1, . . . , N (cf. Proposition 2).

(a)
(b)

Remark 10 (Implementation of the algorithms). In the PAVS and PDA, there are two
levels of updates: 1) the computation of the optimal power allocations of the SUs,
given the prices λ ; and 2) the updates of the price vector, given the interference
generated by the SUs over the N subcarriers. The former can be performed directly
by the SUs via the asynchronous best-response algorithm described in Algorithm
(P,S)
peak
1. Note that, once ∑Pp=1 (λ p,k + λ p,tot )|H pi (k)|2 are given, these algorithms are
totally distributed, since the SUs only need to measure the received MUI over the N
subcarriers [27]. The update of the price vector can be performed either by the PUs
or by the SUs themselves, depending on the debate position assumed for the CR
network (the property-right model or the common model [14]). More specifically,
in a property-right model, an interaction between the PUs and the SUs is allowed.
It is thus natural that the update of the prices is performed by the PUs. Note that
the signaling from the SUs to the PUs is implicit, since the PUs to update the prices
only need to locally measure the global received interference [the function Ψ (p)].
The signaling from the PUs to the SUs users, however, is explicit: the PUs have
to broadcast the prices and the SUs receive and estimate their values. In a CR network based on the common model, the PUs are oblivious of the presence of the
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SUs and thus the update of prices needs to be performed by the SUs. Building on
consensus algorithms [22, 29], at the price of additional signaling among the SUs
and computational complexity, the proposed algorithms still can be implemented in
a distributed fashion by the SUs. Details can be found in [27].
Numerical results. In Figure 0.2 we compare the convergence properties of the following algorithms applied to the game Gglob : i) PAVS; ii) PDA; and iii) the algorithm
proposed in [16]; we refer to these algorithms as Gradient Projection IWFA (GPIWFA), Full Proximal IWFA (FP-IWFA), and Price based IWFA (PB-IWFA) respectively. The setup is the same as the one considered in Figure 0.1 for the low/medium
interference regime. In addition to the individual constraints, now the PUs impose
global per-carrier interference constraints, assumed for the sake of simplicity equal
over all the subcarriers. For the scenario considered in the picture, one can see that
the convergence of both GP-IWFA and FP-IWFA is reasonable fast (less than 30
iterations), whereas the PB-IWFA requires much more iterations (more than 500).
Thanks to less stringent constraints on the transmit powers of the SUs, the performance of the SUs achievable under global interference constraints (game Gglob )
are expected to be much better than those achievable under the more conservative
individual interference constraints (game Gind ). Figure 0.3 confirms this intuition,
where we plot the sum-rate of the SUs (averaged over 500 random i.i.d. Gaussian
channel realizations) achievable in the two aforementioned cases as a function of
the maximum tolerable interference at the PUs, within the same setup of Figure 0.1.

Concluding Remarks
The first part of this chapter was devoted to provide the (basic) theoretical tools and
methods based on VIs to analyze some fundamental issues of NEPs and GNEPs
with jointly shared convex constraints, such as the existence and uniqueness of a
solution, and the design of iterative distributed algorithms along with their convergence properties. The second part of the chapter made these theoretical results
practical by showing how the proposed framework can be successfully applied to
solve some challenging equilibrium problems in CR networks.
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Fig. 0.2 Comparison of distributed algorithms solving the problem Gglob in (0.48)-(0.49): Rates of
the SUs’ versus the iteration index of two out ten users, achieved by the Price based IWFA (PBIWFA) [16], the Gradient Projection IWFA (GP-IWFA) and the Full Proximal IWFA (FP-IWFA)
in the low/medium interference regime.
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