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Communication
Successive Boolean Optimization of Planar Pixel Antennas

Shanpu Shen, Ying Sun, Sichao Song, Daniel P. Palomar, and Ross D. Murch

Abstract— We propose a novel heuristic method for optimizing planar
pixel antennas which we refer to as successive exhaustive Boolean
optimization (SEBO). The key step in SEBO is to cyclically optimize
a multivariable binary optimization problem by exhaustively searching
a subset of binary variables. An adaptive version of SEBO is also
introduced. We provide both simulation and experimental results for
optimized antennas covering single and dual bands for mobile phone
applications. Comparisons with genetic algorithms, binary particle swarm
optimization, and angle modulate differential evolution are also provided
and these show that SEBO and adaptive SEBO have up to 50% less
computational complexity and can satisfy the design objective more
consistently. A major advantage of SEBO and adaptive SEBO is that
only one parameter needs to be set up for the optimization, while for
evolutionary optimization two or more parameters usually need to be
set up.

Index Terms— Binary optimization, pixel antenna, successive
exhaustive Boolean optimization (SEBO).

I. INTRODUCTION

The concept of pixel antennas is based on discretizing a radiation
surface into small elements and connecting them through switches
or hardwires [1], [2]. Given a mother structure, such as a grid
of pixels, different antenna features, including operating frequency
and radiation pattern, can be obtained by changing the connections
between them. Determining the pixel structure that optimizes the
design objectives can then be performed using evolutionary com-
putation (EC)-based algorithms and they have been applied to many
designs [3], [4]. Pixel antenna design is also a specific example of
topology optimization [5]. General topology-based optimization also
has good potential for optimizing antennas, however, further research
is required to fully demonstrate its effectiveness for antenna design
based on conductors [5].

In this communication, we propose a novel heuristic approach for
optimizing planar pixel antennas which we refer to as successive
exhaustive Boolean optimization (SEBO). The key step in SEBO is
to cyclically optimize a multivariable binary objective by exhaustively
searching a subset of binary variables. An adaptive version of SEBO
is also introduced. We demonstrate the technique by providing both
simulation and experimental results for optimized antennas operating
at several frequency bands with dimensions of 34 mm × 21 mm
on a ground plane of 35 mm × 55 mm. Comparisons with designs
from EC-based algorithms, genetic algorithm (GA), binary particle
swarm optimization (BPSO) [6], and angle modulate differential
evolution (AMDE) [7], [8] are also provided which demonstrate that
our approach is efficient with up to 50% less computational load
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Fig. 1. (a) Geometry and dimensions of the illustrative pixel antenna and
(b) modeling the pixel antenna as a multiport network in IMPM.

while also satisfying the design objectives more consistently. The
comparisons also illustrate that our approach is easy to apply as there
is only one parameter to be set up while for GA, BPSO, and AMDE
several combinations of multiple parameter values need to be tried
to find their best operating conditions.

II. FORMULATING THE PROBLEM

Our focus is on designing a planar pixel antenna consisting of a
rectangular grid of N × N square pixels adjacent to a ground plane.
Each pixel can connect to its neighboring pixels or the ground and
there are Q = (2N − 1)N − 1 possible hardwires. An example for
a 5 × 5 pixel antenna with Q = 44 possible hardwires denoted
by dashed squares is shown in Fig. 1(a). The presence or absence
of hardwires between pixels can be represented by binary digits
xq ∈ {0, 1} (q = 1, 2, . . . , Q), which are grouped into a vector
x = [x1, x2, . . . , xQ ]T to describe the hardwire configuration. There
are in total 2Q combinations of x and various combinations produce
distinct antenna characteristics so that antennas with a wide range of
possible performance characteristics can be created. The excitation in
this example is fixed at the center which is marked as a black arrow
in Fig. 1(a) and sits on top of an FR-4 epoxy PCB (εr = 4.4) having
a thickness of 1.6 mm.

To demonstrate SEBO, we focus on finding a hardwire configura-
tion x to match the antenna impedance across a specified frequency
band (however, the method is general and other parameters such as
patterns can also be specified). The binary optimization problem is
then expressed as

min
x

K∑

k=1

R(S11(x, fk) − T ) (1)

s.t. x ∈ {0, 1}Q

where S11(x, fk) denotes the reflection coefficient (dB) at the kth
(out of K ) frequency sample in the required band with hardwire
configuration x, T is the required threshold such as −6 dB or −10 dB
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and R(r) = max(0, r) denotes the ramp function. The objective
function has a minimum value of zero if S11 is below the threshold T
over the required band and increases to a positive number to penalize
the solution when S11 gets larger than T .

III. SOLVING THE PROBLEM

For problem (1) we define the fundamental operation as computing
the value R(S11(x, fk)−T ). We denote the number of objective func-
tion evaluations as Neval and the number of fundamental operations
calls as Nfo. For SEBO, GA, BPSO, and AMDE we have Nfo =
K Neval while for adaptive SEBO we have Nfo = ∑

a K (a)N (a)
eval

where K (a) and N (a)
eval denote the number of frequency samples and

the number of objective function evaluations in the ath adaptation.
To compare the computational complexity of all the algorithms in a
unified framework, we consider Nfo instead of Neval. It is therefore
critical that the optimization algorithm is as efficient as possible to
minimize Nfo.

Various popular algorithms for tackling binary optimization prob-
lems have been tried but were inefficient for solving problem (1).
For example, the well-known branch and bound (BB) algorithm [9]
reduces to exhaustive search for this problem (1) so that BB cannot
solve it efficiently. In addition, we could use semidefinite relax-
ation (SDR) [10] to approximate the binary optimization problem (1)
as a convex optimization, but SDR also does not perform well since
relaxing any of the binary constraints would lead to the design
criteria trivially satisfied. The result returned by SDR is completely
determined by the initial point, and as a consequence, its performance
is the same as random guessing. Therefore, we propose a novel
approach denoted by SEBO and also a modified version denoted by
adaptive SEBO where K is also adaptively selected to minimize the
total computational complexity.

A. Successive Exhaustive Boolean Optimization

SEBO is a heuristic approach for solving the binary optimization
problem and is related to the block coordinate descent
algorithm [11], [12]. The objective function is optimized at
each step using a subset of variables while fixing the value of the
other variables.

We first initialize the binary decision vector x to be x0 (a way to
find the initial point will be specified later on) and set the number
of frequency samples K . After the initialization of x, there are two
fundamental steps in SEBO. The first step is to perform a cyclic
search by partitioning x into M = �Q/J� blocks (subsets) with
each block having length J = Jmax. We set the iteration counter
as t = 1 and block counter as b = 1. At the t th iteration, the bth
block of x is treated as a variable and the remaining blocks of x
are fixed to be the corresponding part of xt−1, hence there are in
total 2Jmax possible combinations for xt . Given that Jmax is relatively
small, it is possible to exhaustively search all the combinations within
this subset. Then xt is selected as the combination that minimizes
the objective function. We upgrade the counter by t = t + 1 and
b = b mod M+1 and repeat cyclically this process until convergence.

The second step is to go back and check whether there exists
any other local minimum with a smaller objective value, which is
related to the randomly initialized hill-climbing algorithm [13], [14].
At the beginning of the second step, J is set to be 1. We randomly
pick up J bits of x and optimize them by exhaustive search. After
this process is repeated for �Q/J� times, we check whether x has
achieved a smaller objective value. If the objective value is improved,
the process is repeated for another �Q/J� times, otherwise the block
size J is increased by 1 and the procedure is repeated with the new
parameters. If J > Jmax, the algorithm ends. The algorithm will

Algorithm 1 SEBO
1) Initialize x = x0. Set the block size J = Jmax. Partition x into

M = �Q/J� blocks (subset). Set the iteration counter as t = 1
and block counter as b = 1.

2) Treat the bth block of x as variables and fix remaining blocks as
the corresponding block of xt−1. Exhaustively search all 2Jmax

combinations and find the optimal combinations xt . Upgrade
x = xt .

3) Upgrade the counter by t = t + 1 and b = b mod M + 1.
4) Check the stop condition. End the algorithm if satisfied.
5) Check convergence. Go to Step 2 if not converged.
6) Set J = 1.
7) Randomly pick up J bits of x and optimize them by exhaustive

search. Repeat this process for �Q/J� times.
8) Check the stop condition. End the algorithm if satisfied.
9) Go to Step 7 if x is improved, otherwise J = J + 1.

10) End the algorithm if J > Jmax, otherwise go to Step 7.

also end if the stop condition is satisfied during the running process.
The stop condition is where either the pre-set minimum value of the
objective function is achieved or Nfo exceeds an allowable value,
which we refer to as the maximum computational limit Nmax

fo . The
pseudocode of SEBO is shown in Algorithm 1.

The key idea behind SEBO is to optimize the binary variables
block by block to reduce the search space, but it may lead to a
solution that is not globally optimal. With a larger value of Jmax,
the required number of fundamental operations calls to optimize one
block gets larger, but the chance of getting trapped in a local minima
gets smaller. Therefore Jmax should be carefully chosen to achieve
a good fitness result at an affordable computational cost.

B. Adaptive Successive Exhaustive Boolean Optimization

To reduce the computational complexity, we also propose an
adaptive SEBO which increases the number of frequency samples K
gradually until S11( f ) < T for f ∈ [ f1, f2]. In the 1st adaptation, we
initialize K (1) = 2 and the frequency samples set as S f = { f1, f2},
and use SEBO to find x(1) so that S11 at frequency samples { f1, f2}
is no larger than T . The algorithm terminates if no such x(1) can be
found, otherwise we will check whether S11( f ) < T for f ∈ [ f1, f2]
is satisfied (the checking is performed by calculating S11 at frequency
samples spaced as ( f2 − f1)/200.). If satisfied, the design is finished.
In the case that both S11( f1) < T and S11( f2) < T , but there
is a range of frequencies, denoted by f ∈ ⋃L

l=1[ f1,l , f2,l ], whose
S11 is larger than T , then, in the 2nd adaptation, the mid-points of⋃L

l=1[ f1,l , f2,l ], i.e. ( f1,l + f2,l )/2, are included into the frequency
samples (so K (2) = 2 + L). We then use SEBO with initial value
x(1) to find x(2) so that S11 at the new set of frequency samples are
no larger than T and again check whether S11( f ) < T is satisfied
at frequency samples spaced as ( f2 − f1)/200. The adaptation is
repeated and the algorithm terminates if the design requirement is
satisfied or SEBO fails to find the solution in some adaptation.
For the dual band design, the frequency samples are initialized to
be { f1, f2, f3, f4}, where [ f1, f2] and [ f3, f4] are the lower and
upper frequency band, respectively. Then we gradually add new
frequency samples and repeat the adaptation of SEBO to achieve
the design requirement. The pseudocode of adaptive SEBO is shown
in Algorithm 2.

C. Internal Multiport Method

The objective function in problem (1) can be computed by any
electromagnetic solver, but in this communication we compute the
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Algorithm 2 Adaptive SEBO

1) Initialize K (1) = 2 and frequency samples set as S f =
{ f1, f2}. Set the counter as a = 1 and initial value x(0).

2) In the ath adaptation, use SEBO with initial value x(a−1) to
find x(a) to make S11 at S f no larger than T .

3) End the algorithm if SEBO cannot find such x(a) within Nmax
fo

(end if Nfo > Nmax
fo ). Otherwise check whether S11( f ) < T

for f ∈ [ f1, f2] is satisfied.
4) End the algorithm if satisfied. Otherwise find the set⋃L

l=1
[

f1,l , f2,l
]

whose S11 is larger than T .
5) Upgrade K (a) = K (a−1) + L , a = a + 1, and S f by adding

the mid-points
(

f1,l + f2,l
)

/2. Go to Step 2.

objective function efficiently by a technique we refer to as internal
multiport method (IMPM). IMPM makes use of a technique described
in [15] which determined the effect of shorting strap switches on
a patch antennas’ input impedance and has been extended to pixel
antennas [16]. IMPM is particularly well suited for use with pixel
antennas as a standard commercial electromagnetic solver can be
used in such a way that computational complexity is reduced signifi-
cantly [16]. IMPM can also be adapted to calculate field patterns and
other parameters from pixel antennas efficiently. More details can be
found in [16] on its application to pixel antennas.

D. Evolutionary Computation-Based Algorithms

Evolutionary Computation (EC)-based algorithms, such as genetic
algorithms (GA) [17]–[20], particle swarm optimization (PSO) [6],
[21]–[23], and differential evolution (DE) [24]–[27] are popular for
optimizing objective functions which are highly nonlinear, stiff,
multiextremal, nondifferentiable, and computationally expensive to
evaluate. Advantages of these methods include flexibility and adapt-
ability to the task at hand, robust performance, and global search
characteristics [28].

In this communication, we also use EC-based algorithms, GA,
BPSO, and AMDE, to solve the binary optimization problem (1)
for comparison with SEBO and adaptive SEBO. GA can be used to
solve both binary or continuous variable optimization problem, but
the standard PSO and DE are designed to solve continuous variable
optimization problem. Therefore, we use the modified binary versions
of PSO and DE, BPSO, and AMDE, to solve this problem (1).

E. Algorithm Comparison

Since SEBO, adaptive SEBO, and EC-based algorithms are sto-
chastic, we run these algorithms for D times and compare their
average performance for solving the problem (1). All the five
algorithms end as soon as Nfo > Nmax

fo or they meet the requirement
that S11( f ) < T for f ∈ [ f1, f2]. In the i th (i = 1, 2, . . . , D)
optimization, we denote the number of fundamental operations calls
as Ni

fo and we can find the bandwidth coverage, denoted as Bi ,
by computing the ratio of bandwidth achieved by optimization and
the required bandwidth. We can also count the number of full
bandwidth coverage (Bi = 100%) and denote it as Nfull. We mainly
consider the average number of fundamental operations calls Navg =
(
∑

i Ni
fo)/D, the average bandwidth coverage Bavg = (

∑
i Bi )/D,

and the frequency of full bandwidth coverage Ffull = Nfull/D
to compare the algorithms. These quantities are evaluated in two
examples in the next section for algorithm comparison.

IV. DESIGN EXAMPLES

We demonstrate SEBO and adaptive SEBO with two examples for
wireless communication applications. The first is matching across a

single band and the second across dual bands. We set the required
threshold T = −6 dB. We focus on optimizing the 5 × 5 pixel
antenna and its multiport structure shown in Fig. 1(b) is first modeled
in a commercial method of moment (MoM) solver HyperLynx
3-D electromagnetic (IE3D) [29] to generate the 45 × 45 impedance
matrix which is used to compute S11( f ) in IMPM. As a com-
parison, we also use GA, BPSO, and AMDE to solve the binary
optimization problem (1). We use the built-in GA function in the
Global Optimization Toolbox in MATLAB while we implement
SEBO, adaptive SEBO, BPSO, and AMDE in MATLAB ourselves.
The initial point for SEBO and adaptive SEBO is selected by
using a random number generator. In GA, BPSO, and AMDE,
the population size and generation size are denoted as P and G,
respectively, and we have Nmax

fo = P(G + 1)K . In the following
examples, we will evaluate the performance of GA, BPSO, and
AMDE with different combinations of P and G within Nmax

fo .
Furthermore, we also evaluate the performance of BPSO and AMDE
with different combinations of algorithm parameters. For BPSO, its
algorithm parameters are inertial weight w and Hooke’s constants
c1 and c2, which control the update of the velocity of particles Vt
by

Vt = wVt−1 + c1η1(Pt−1 − Xt−1) + c2η2(Gt−1 − Xt−1) (2)

where Xt denotes the position of particles, Pt−1 denotes the personal
best, Gt−1 denotes the global best, and η1 and η2 have a uniform
distribution in (0, 1) [6]. For AMDE, its algorithm parameters are
crossover rate pr and scaling factor γ , which control the generation
of new offspring On by

On, j =
{

Cn3, j + γ (Cn1, j − Cn2, j ) if η ≤ pr or j = i

Cn, j otherwise
(3)

where Cn1 , Cn2 , and Cn3 are randomly selected three parent
individuals with n1 �= n2 �= n3 �= n, η has a uniform distribution
in (0, 1), and i is randomly selected from the set {1, 2, . . . , I } with I
being the dimension of individuals [7], [8]. For SEBO and adaptive
SEBO, we evaluate the performance with different values of Jmax to
study its effect on performance and computational load. We run all
algorithms with all combinations for D = 100 times to find Bavg,
Navg, and Ffull.

A. Single Frequency Band Antennas

In this example, we design a pixel antenna for operation in the
GSM-850 band (824–894 MHz) using SEBO, adaptive SEBO, GA,
BPSO, and AMDE. We set Nmax

fo = 3 × 105. We also set K = 6 for
SEBO, GA, BPSO, and AMDE and the results are shown in Table I.
For GA, we evaluate its performance with 8 combinations of P and G
and we can find that its performance fluctuates with different values
of P and G and the most effective operating point (maximum
Bavg and Ffull) is when P = 2500, G = 19. For BPSO, we set
the range of particle velocity [Vmin, Vmax] = [−4, 4] and adopt
the time-varying inertial weight w, which linearly varies from 1
to 0.4 with the iteration, to accelerate convergence. Therefore, we
evaluate the performance of BPSO with 648 combinations of P,
G, c1, and c2 (the values of c1 and c2 are selected from the set
{0.4, 0.6, . . . , 2} and for each combination of P and G we only
show the result with the best c1 and c2 in Table I). We can see
that for different values of P and G, the optimal combination of
c1 and c2 and the corresponding performance are also different.
Without exhaustively trying all the 648 combinations, it is difficult
to find the optimal algorithm parameter settings which are P = 125,
G = 399, c1 = 1.8, c2 = 1.8 in this example. For AMDE,
we evaluate its performance with 720 combinations of P, G, pr ,
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TABLE I

COMPARISON RESULT FOR GSM-850 BAND

and γ (the values of pr is selected from the set {0.1, 0.2, . . . , 0.9},
the values of γ is selected from the set {0.2, 0.4, . . . , 2}, and for each
combination of P and G we again only show the result with the best
pr and γ in Table I). Similar to BPSO, the optimal combination of
pr and γ and the corresponding performance are changed with the
different values of P and G, and the optimal algorithms parameters
setting among all the 720 combinations are P = 50, G = 999,
pr = 0.3, γ = 0.2. For SEBO with all Jmax considered, Bavg and
Ffull are better than those of GA, BPSO, and AMDE and Navg is
less than that of GA, BPSO, and AMDE. Therefore for the single
band design problem, we find that SEBO can achieve a better result
than GA, BPSO, and AMDE with lower computational complexity.
Furthermore, for adaptive SEBO, Bavg and Ffull can be improved
and the Navg can be further decreased. Therefore adaptive SEBO
achieves the best result in the sense that on average it obtains better
coverage of the required bandwidth at 65% less computational cost
than GA, BPSO, and AMDE. Furthermore, for SEBO and adaptive
SEBO there is only one parameter Jmax, but for GA, BPSO, and
AMDE, there are several algorithm parameters such as P, G, c1, c2,
pr , and γ . In reality, it is difficult to find the best settings for these
parameters without exhaustively trying all the combinations. We also
compute the average Bavg, Navg, and Ffull over all combinations of
the parameters listed above for each algorithms and list them as an
additional row after the results for each algorithm in Table I. We can
see that our proposed SEBO and adaptive have much better average
performance than EC-based algorithms in this comparison. Hence,
we find that SEBO and adaptive SEBO are straightforward to apply

Fig. 2. (a) Optimal hardwire configuration and (b) reflection coefficient of
the proposed antenna matched across GSM-850 band.

because they have only one parameter to set and they are also more
computationally efficient.

In this single band example, we also provide the optimum hardwire
configuration for the 5 × 5 pixel antenna, which is obtained by
adaptive SEBO with Jmax = 8, and the corresponding S11 in Fig. 2.
It can be observed that a meander like IFA structure has been formed.
The curves of S11 for both IMPM and MoM are also provided and
it can be seen that they are similar in Fig. 2, demonstrating the
effectiveness of IMPM. Simulated S11 has a −6 dB bandwidth from
822 to 895 MHz, satisfying the design requirement.

B. Dual Band Antennas
Similar to [16], we also design a dual-band antenna matched

to GSM-900 and DCS + PCS + UMTS bands (890–960 MHz
and 1710–2170 MHz). We use SEBO, adaptive SEBO, GA, BPSO,
and AMDE to solve the dual band problem and set Nmax

fo = 3×105.
For SEBO, GA, BPSO, and AMDE, we set K = 12 (six samples
for each band). Similar to the previous example, we use various
combinations of P and G in GA, various combination of P, G,
c1, and c2 in BPSO, various combinations of P, G, pr , and γ

in AMDE, and various Jmax in SEBO and adaptive SEBO. The
results are shown in Table II and for all combinations of algorithm
parameters shown, Ffull is larger than 60%, Navg is much less than
that of single band design, and Bavg is larger than 97%, which
indicates that this particular dual band design problem is easier than
the single band design. This can be explained by noting that the
lowest frequency of the dual band design is higher than that of the
single band design. Similar to the single band design example, we
find that the performance of GA, BPSO, and AMDE are changed
with the different combinations of P, G, c1, c2, pr , and γ and
the optimal algorithm parameters (c1, c2, pr , and γ ) for BPSO and
AMDE are also changed with P and G. This further demonstrates
that it is difficult to find the optimal algorithm parameter settings
without exhaustively trying numerous combinations. From Table II,
we can find that SEBO with three different values of Jmax has
less Navg than all the combinations of AMDE and all the combi-
nations of GA except the optimal combination P = 250, G = 99,
but more Navg than half of the combinations of BPSO. Therefore, for
this dual band design problem, SEBO is more efficient than GA and
AMDE but less efficient than BPSO. For adaptive SEBO, we see that
all the Bavg and Ffull are 100% and that Navg for the three different
values of Jmax are less than those of GA, AMDE, and SEBO (at
least 50% less computation), and similar to those of BPSO when
it has optimal combinations of parameters. However, the optimal
BPSO result is achieved by trying 648 parameter combinations while
the optimal adaptive SEBO result is only achieved by trying three
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TABLE II

COMPARISON RESULT FOR GSM-900 AND DCS + PCS + UMTS BANDS

Fig. 3. Photo of the prototype.

different values of Jmax. We also compute the average Bavg, Navg,
and Ffull over all combinations of the parameters listed above for
each algorithm and list them as additional rows in Table II. Again,
the better average performance illustrates that SEBO and adaptive
SEBO are easy to apply and once the parameter settings are taken
into account is more computationally efficient.

For the optimum solution found by adaptive SEBO with Jmax = 6,
a prototype was also fabricated to verify the design and the prototype
is shown in Fig. 3. The corresponding hardwire configuration for
the 5 × 5 pixel antenna and the S11 from MoM and measurement
are shown in Fig. 4. The S11 from IMPM is omitted because it is
similar to the S11 obtained by MoM. The S11 measured by a vector
network analyzer has −6 dB bandwidth from 900 to 1030 MHz and
from 1700 to more than 2290 MHz. The measured S11 shifts to
higher frequency compared with simulation because of the imperfect
in-house fabrication and dielectric models used in the simulation
which can be improved by further fine tuning. We also used the
Satimo Starlab system to measure the radiation patterns of the

Fig. 4. (a) Optimal hardwire configuration and (b) reflection coefficient of
the proposed antenna matched across GSM-900 and DCS + PCS + UMTS.

Fig. 5. Measured radiation patterns (a) xz plane at 1 GHz, (b) xy plane
at 1 GHz, (c) xz plane at 2 GHz, and (d) xy plane at 2 GHz.

prototype at 1 and 2 GHz, which are shown in Fig. 5 for reference
(coordinates are shown in Fig. 1).

V. CONCLUSION

We have proposed a new heuristic method for optimizing the design
of pixel antennas. Two versions of the method, namely, SEBO and
adaptive SEBO, are described and the performance of the proposed
algorithms are evaluated by two examples in which we perform
impedance matching across single and dual bands. In the single band
example, the results indicate that SEBO and adaptive SEBO achieve
the best performance compared with GA, BPSO, and AMDE and
reduces the computational load by more than 65% while achieving
broader bandwidth coverage. In the dual band example, the results
indicate that adaptive SEBO achieves better performance than SEBO,
GA, and AMDE with less than 50% computation and is nearly
as efficient as BPSO when BPSO has the optimal settings for its
parameters. A major advantage of SEBO and adaptive SEBO is that
only one parameter needs to be set up for the optimization while for
evolutionary optimization two or more parameters usually need to be
set up. Thus SEBO and adaptive SEBO are not only computationally
efficient they are also easy to apply to pixel antenna design.
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