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We propose the Terminating-Random Experiments (T-Rex) selector, a fast variable selection method for high-
dimensional data. The T-Rex selector controls a user-defined target false discovery rate (FDR) while maximizing
the number of selected variables. This is achieved by fusing the solutions of multiple early terminated random
experiments. The experiments are conducted on a combination of the original predictors and multiple sets
of randomly generated dummy predictors. A finite sample proof based on martingale theory for the FDR
control property is provided. Numerical simulations confirm that the FDR is controlled at the target level
while allowing for high power. We prove that the dummies can be sampled from any univariate probability
distribution with finite expectation and variance. The computational complexity of the proposed method is
linear in the number of variables. The T-Rex selector outperforms state-of-the-art methods for FDR control
in numerical experiments and on a simulated genome-wide association study (GWAS), while its sequential
computation time is more than two orders of magnitude lower than that of the strongest benchmark methods.
The open source R package TRexSelector containing the implementation of the T-Rex selector is available on
CRAN.

1. Introduction and motivation settings. In recent years, the model-X knockoff method [20] and de-
randomized versions thereof [21,22] have been proposed. However,
they are computationally demanding. In fact, creating knockoff pre-
dictors that mimic the covariance structure of the original predictors
renders them infeasible for settings beyond a few thousand variables
(see Fig. 1). Moreover, the original derandomized knockoffs approach
controls the conservative per family error rate (PFER) and the k-family-
wise error rate (k-FWER) but does not consider the less conservative
FDR metric [21]. Only the derandomized approach based on e-values
controls the FDR [22]. Nevertheless, the need for running the model-X

Determining the set of active signals or variables is crucial, e.g., in
detection [1-3], antenna array processing [4], distributed learning [5],
portfolio optimization [6], and robust estimation [7-11]. In this work,
we focus on genome-wide association studies (GWAS) [12], where only
a few common genetic variations called single nucleotide polymor-
phisms (SNPs) among potentially millions of candidates are associated
with a phenotype (e.g., disease) of interest [12]. To enable reproducible
discoveries, it is essential that (i) the proportion of falsely selected
variables among all selected variables is low while (ii) the propor-

tion of correctly selected variables among all true active variables is
high. The expected values of these quantities are referred to as the
false discovery rate (FDR) and the true positive rate (TPR), respec-
tively. Without FDR control, expensive functional genomics studies
and biological laboratory experiments are wasted on researching false
positives [13-16].

Establishing FDR control in high-dimensional settings is challeng-
ing and, unfortunately, established FDR-controlling methods for low-
dimensional data, e.g., [17-19], do not apply to high-dimensional

knockoff method multiple times renders both derandomized knock-
offs approaches practically infeasible for large-scale high-dimensional
settings.

Alternative FDR-controlling approaches that rely on conditional ran-
domization test (CRT) p-values [20] are computationally significantly
more demanding than the model-X knockoff methods (see [20] for
a discussion), which renders them infeasible in even relatively small
settings (i.e., p ~ 1000 candidate variables).
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Fig. 1. The sequential computation time of the T-Rex selector is multiple orders of
magnitude lower than that of the model-X knockoff method. Note that, e.g., for p = 5000
variables the absolute sequential computation time of the T-Rex selector for T = 10
included dummies is only 15 s as compared to more than 5.5 h for the model-X knockoff
method. Moreover, the sequential computation time of the T-Rex selector for 5,000,000
variables is comparable to that of the model-X knockoff method for only 5000 variables.
Note that both axes are scaled logarithmically. Setup: n = 300 (observations), p, = 10
(true active variables), L = p (generated dummies), K = 20 (random experiments),
SNR = 1, MC = 955 (Monte Carlo replications) for p < 5000 and MC = 100 for
p > 5000.

Related lines of research on error-controlled high-dimensional vari-
able selection are centered around stability selection methods [23,24],
data-splitting methods [25-28], and post-selection inference [29-32].

In this work, we propose the Terminating-Random Experiments (T-
Rex) selector, a scalable framework (see Section 2.3) that turns forward
variable selection methods into FDR-controlling methods. The T-Rex
selector fuses the solutions of K early terminated random experiments,
in which original and dummy variables compete to be selected in a
forward variable selection process. It utilizes dummies in a fundamen-
tally different manner than existing methods (e.g., [33-35]), which are
not designed for FDR control. The T-Rex calibration algorithm auto-
matically determines its parameters, i.e., (i) the number of generated
dummies L, (ii) the number of included dummies before terminating
the random experiments T, and (iii) the voting level in the fusion
process, such that the FDR is controlled at the target level.

Our main theoretical results are summarized as follows:

1. Using martingale theory [36], we provide a finite sample FDR
control proof (Theorem 1) that applies to low- (p < n) and
high-dimensional (p > n) settings.

2. We prove that, for the T-Rex selector, the dummies can be
sampled from any univariate distribution with finite mean and
variance (Theorem 2). This is a fundamentally new result, and
it does not hold for, e.g., knockoff methods [19,20] that require
mimicking the covariance structure of the predictors, which is
computationally expensive (see Figure 7 in the supplementary
materials.

3. We also prove that the proposed calibration algorithm is optimal
in the sense that it maximizes the number of selected variables
while controlling the FDR at the target level (Theorem 3).

The major advantages compared to existing methods are:

1. The computation time of the T-Rex selector is multiple orders
of magnitude lower compared to that of the current benchmark
method (see Fig. 1). Its complexity stems from the computation
of K terminated random experiments with expected complexity
O(np) (see Appendix E in the supplementary materials).

Signal Processing 231 (2025) 109894

2. As inputs, the T-Rex selector requires only the data and the
target FDR level. The tuning of the sparsity parameter for Lasso-
type methods [37-40] is no longer required when incorporating
them into the T-Rex selector framework.

In summary the T-Rex selector is, to the best of our knowledge, the
first multivariate high-dimensional FDR-controlling method that scales
to millions of variables in a reasonable amount of computation time
(see Fig. 1), which makes it a suitable method for large-scale GWAS,
i.e., our major use-case.

For other use-cases (e.g., high-dimensional survival analysis, sparse
financial index tracking), where strong dependencies among the vari-
ables (e.g., gene expression levels, stock returns) exist and common
SNP pruning or other preprocessing techniques are not applicable, the
dependency-aware T-Rex (T-Rex+DA) selector has been proposed [41].
The T-Rex+DA selector performs high-dimensional FDR-controlled vari-
able selection in the presence of strong dependencies at the cost of a
reduced power compared to the T-Rex selector.

Moreover, the T-Rex selector has already proven to be a useful and
versatile framework for screening large-scale genomics biobanks [42],
efficient computation in big data applications [43], grouped variable
selection [44,45], Gaussian graphical models [46], sparse principal
component analysis [47], sparse financial index tracking [48], and
survival analysis [41].

The open source R software packages TRexSelector [49] and tlars
[50] contain the implementation of the proposed T-Rex selector.

Notation: Column vectors and matrices are denoted by boldface
lowercase and uppercase letters, respectively. Scalars are denoted by
non-boldface lowercase or uppercase letters. With the exceptions of
N and @, which stand for the normal distribution and the empty set,
respectively, sets are denoted by calligraphic uppercase letters, e.g., A
with |A| denoting the associated cardinality. The symbols E and Var
denote the expectation and the variance operator, respectively.

Organization: The remainder of this paper is organized as follows:
Section 2 introduces the methodology of the proposed T-Rex selector.
Section 3 presents the main theoretical results regarding the properties
of the proposed method and its algorithmic details. Section 4 discusses
the results of numerical simulations while Section 5 evaluates the per-
formances of the proposed T-Rex selector and the benchmark methods
on a simulated genome-wide association study (GWAS). Section 6 con-
cludes the paper. Technical proofs, numerical verifications, additional
simulations, and other appendices are deferred to the supplementary
materials.

2. The T-Rex selector

This section introduces the proposed T-Rex selector. First, some
forward variable selection methods that are used within the T-Rex
selector are briefly revisited and a mathematical formulation of the FDR
and TPR is given. Then, the underlying methodology is described and
the optimization problem of calibrating the T-Rex selector to perform
FDR control at the target level is formulated.

2.1. High-dimensional variable selection methods

The T-Rex selector framework is versatile in the sense that it can
incorporate many different forward selection algorithms. In this paper,
we will focus on Lasso-type methods [37,39,40,51] and especially the
LARS algorithm [38]. Although, in general, the FDR control proof of the
T-Rex selector (see Section 3.1) does not assume a linear relationship
between the explanatory variables and the response variable, we will
introduce the linear regression model because it is required by the high-
dimensional forward variable selection methods that are considered in
this paper.

The linear regression model is defined by

y=Xp+e, @
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Fig. 2. Illustration of the general concept of active variables, selected active variables, null variables, and selected null variables. Note that active variables and null variables are
also commonly referred to as true active variables and true null variables, respectively, to clearly distinguish them from the selected active and the selected null variables.

where X = [x; x, ... x,] with x; € R, j = 1,..,pis the fixed
predictor matrix containing p predictors and n observations, y € R” is
the response vector, g € R” is the parameter vector, and € ~ N'(0, 621),
with I being the identity matrix, is an additive Gaussian noise vector
with standard deviation . Variables whose associated coefficients in g
are non-zero (zero) are called actives or active variables (nulls or null
variables).

To obtain a sparse estimate B of g, sparsity-inducing methods, such
as the Lasso [37] and related methods [38-40,51], can be used. The
Lasso solution is defined by

i) = arg min Ly = XBIE + A1l @

where 4 > 0 is a tuning parameter that controls the sparsity of B.
Throughout this paper, we will use the closely related LARS algo-
rithm [38] as a forward variable selection method to conduct the
random experiments of the T-Rex selector. The solution path of the
Lasso over A is efficiently computed by applying a slightly modified
LARS algorithm.! That is, instead of adding one variable at a time
based on the highest correlation with the current residual, the Lasso
modification requires the removal of previously added variables when
the associated coefficients change their sign [38]. However, removed
variables can enter the solution path again in later steps. Since the
solution paths are terminated early by the T-Rex selector, there are very
few or no zero crossings along these paths. Thus, in most cases, the
Lasso in (2) and the LARS algorithm produce very similar or identical
solution paths when used with the T-Rex selector.

2.2. FDR and TPR

Before providing a mathematical formulation of the FDR and the
TPR, we first illustrate the concepts of ‘active variables’, ‘selected active
variables’, ‘null variables’, ‘selected null variables’. Consider a GWAS
with SNPs as predictors and a disease of interest as the response vari-
able Y. Active variables are the SNPs truly associated with the disease,
while null variables are the SNPs not associated with the disease.
Selected active variables are the associated SNPs chosen by the variable
selection method, and selected null variables are the unassociated SNPs
chosen by the variable selection method. For example, if SNPs X, and
X, are truly associated with the disease and SNPs X5 and X, are not,

1 An alternative approach to obtain the solution path of the Lasso is to apply
the pathwise coordinate descent algorithm [52]. However, this approach is not
a forward variable selection method and, therefore, not applicable within the
T-Rex selector framework.

selecting X| and X; means X, is a selected active variable and X3 is a
selected null variable. The general concept of active variables, selected
active variables, null variables, and selected null variables is illustrated
in Fig. 2.

The FDR and TPR are expressed mathematically as follows: Given
the index set of the active variables A C {I,...,p}, where p is the
number of candidate variables, and the index set of the selected active
variables A C {1,...,p}, the FDR and the TPR are defined by

FDR ::E[M] and TPR ::E[M], &)
1v A 1V ]Al

respectively, where | - | denotes the cardinality operator and the symbol
v stands for the maximum operator, i.e., a vV b = max{a, b}, a,b € R.?

Note that, throughout this work, p, and p, denote the number of
active variables and the number of null variables, respectively. Thus,
the number of candidate variables p is the sum of p; and p,. Also, note
that by definition the FDR and the TPR are zero when |jf| = 0 and
p, = |A| = 0, respectively. While the FDR and the TPR of an oracle
variable selection procedure are 0% and 100%, respectively, in practice,
a tradeoff must be accomplished.

2.3. The T-Rex selector: Methodology

The general methodology underpinning the T-Rex selector consists
of several steps that are illustrated in Fig. 3. In the following, we will
introduce the framework and the notation, which will be crucial for
understanding why the T-Rex selector efficiently controls the FDR at
the target level:

Stepl: Generate K > 1 dummy matrices X w k = 1,...,K, each
containing L > 1 dummy predictors that are sampled from a
standard normal distribution.

Step2: Append each dummy matrix to the original predictor matrix X,
resulting in the enlarged predictor matrices

X, =[x X;]
=[x, . x, Xy . Xg], k=1,....K,
where x, |, ..., %, ; are the dummies (see Fig. 4).

2 Throughout this paper, the original definition of the FDR in [17] is
used. Other definitions of the FDR, such as the positive FDR [53], exist.
The interested reader is referred to both papers for discussions on different
potential definitions of the FDR.
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Fig. 3. Simplified overview of the T-Rex selector framework: For each random experiment k € {1,..., K}, the T-Rex selector generates a dummy matrix X « containing L dummies

and appends it to X to obtain the enlarged predictor matrix X = [X X k]. With X « and the response y as inputs, a forward variable selection method is applied to obtain the
candidate sets C, ;(T),...,Cg (T), where T is iteratively increased from one until FDP (i.e., an estimate of the proportion of false discoveries among all selected variables that is
determined by the calibration process) exceeds the target FDR level a € [0, 1]. Finally, a fusion procedure determines the selected active set A L (v*, T*) for which the calibration

procedure provides the optimal parameters v* and T*, such that the FDR is controlled at the target level ¢ while maximizing the number of selected variables.

X € R*P )o(k_ c RuxL
X =[X X4 =
A
Fig. 4. The enlarged predictor matrices X,, k = 1, ..., K, replace the original predictor matrix X in each random experiment within the T-Rex selector framework. They contain
the original and the dummy predictors. The index set of the active variables and the index set of the null variables are denoted by A and Z, respectively. The number of active
variables and the number of null variables are denoted by p, :=|A| and p, := |Z|, respectively.

Step3: Apply a forward variable selection procedure to {)? P y}, k =
1,...,K. For each random experiment, terminate the forward
selection process after T > 1 dummy variables are included. This
results in the candidate active sets C;, ;(T), k = 1,..., K. After
terminating the forward selection process remove all dummies
from the candidate active sets.?

Step4: Iteratively increase T and carry out Step3: until FDP exceeds the
target FDR level « € [0, 1]. FDP is a conservative estimator of the
false discovery proportion (FDP), i.e., the proportion of false dis-
coveries among all selected variables. The relationship between
the FDP and the FDR is that the FDR is the expected value of the
FDP, i.e., FDR = E[FDP]. FDR control is achieved by calibrating
the T-Rex selector such that FDP does not exceed the target FDR
level «. Therefore, as depicted in Fig. 3, we cannot increase T
further once FDP exceeds a. The mathematical expression and
the details of FDP are deferred to Section 3. Also, the calibration
process for determining FDP and the optimal values v* and T*
such that the FDR is controlled at the target level « € [0,1]
while maximizing the number of selected variables is derived in
Section 3.

Step5: Fuse the candidate active sets to determine the estimate of the
active set A L (*, T*). The fusion step is based on the relative
occurrence of the original variables:

Definition 1 (Relative Occurrence). Let K € N, \ {1} be the number
of random experiments, L € N, the number of dummies, and
T € [{l,...,L} the number of included dummies after which the

3 Since we use the LARS method throughout this paper, variables can
only be included but not dropped along the solution paths. Nevertheless, the
T-Rex selector can also incorporate forward selection methods that remove
some previously included variables from the candidate set along the solution
path (e.g., Lasso). For such methods, the number of currently active dummies
can decrease along the solution path. However, because the solution paths
are terminated after T dummies are included for the first time, there is no
ambiguity regarding the step in which the forward selection process ends.

forward variable selection process in each random experiment is ter-
minated. The relative occurrence of variable j € {1,...,p} is defined
by

1,G,T.L), T>1

M=

1
Dr () =1 K &
0, T =0,

where 1,(j,T, L) is the indicator function for which

1, jec (T
LG, ={ " G D
0, otherwise.

All variables whose relative occurrences at T = T* exceed the voting
level v* € [0.5,1) are selected and the estimator of the active set is
defined by

AL T i={j : Dpa () > v*). &)

The details of how the calibration process determines 7% and v*
such that, for any choice of L, the T-Rex selector controls the FDR at
the target level while maximizing the number of selected variables are
deferred to Section 3.3. Moreover, an extension to the calibration pro-
cess to jointly determine T*, v*, and L is also proposed in Section 3.3.
The number of random experiments K is not subject to optimization.
However, choosing K > 20 provides excellent empirical results and we
never observed notable improvements for K > 100.*

An example that helps in developing an intuition for the three main
ingredients of the T-Rex selector, which are (i) sampling dummies from
a univariate distribution, (ii) early terminating the solution paths of

4 Instead of fixing the number of random experiments, it could be increased
until the relative occurrences @;,(j), j = 1,...,p, converge. However, since
a significant reduction of computation time is achieved by executing the
independent random experiments in parallel on multicore computers or high-
performance clusters, fixing K to a multiple of the number of available CPUs
is preferable.
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the random experiments, and (iii) fusing the candidate sets based on
relative occurrences, is deferred to Appendix B in the supplementary
materials.

2.4. Problem statement

We formulate an optimization problem that maximizes the number
of selected true positives and simultaneously controls the FDR at the
target level. We start with some remarks on notation followed by
definitions of the FDR and the TPR, which particularize the generic
definitions in (3) for the T-Rex selector. For better readability, from
now on, the arguments 7" and L of the estimator of the active set are
dropped, i.e., //t\(v) =A 1 (v, T), except when referring specifically to
the set in (4) for which the values v* and T* result from the calibration
that will be discussed in Section 3. Note that “included candidates”
refers to the variables picked (and not dropped) along the solution path
of each random experiment. “Selected variables” refers to the variables
whose relative occurrences exceed the voting level v € [0.5, 1).

Definition 2 (V- ; (v), St ;(v) and Ry 1 (v)). The number of selected null
variables V7 ; (v), the number of selected active variables Sy ; (v), and
the number of selected variables Ry ; (v) are defined, respectively, by

Ve (@) = |A°w)| = |(null j : @7, () > v},
Sr () = |ﬁ'(u)‘ = ‘{activej CDr () > u}|, and

Ry 1(0) = V1 (0) + S7.1.(0) = | Aw)]-

The FDR and TPR expressions in (3) are rewritten using Definition 2
as follows:

Definition 3 (FDP and FDR). The false discovery proportion (FDP) is
defined by

Vr 1 (v)
Ry (V1

and the FDR is defined by
FDR(v, T, L) := E[FDP(v,T, L)],

FDP(v,T,L) :=

where the expectation is taken with respect to the noise in (1).

Definition 4 (TPP and TPR). The true positive proportion (TPP) is
defined by

St ()

nVvl

and the TPR is defined by
TPR(v,T, L) := E[TPP(v,T, L)],

TPP(v,T, L) :=

where the expectation is taken with respect to the noise in (1).

Remark 1. Note that if Ry ; (v) is equal to zero, then Vy ; (v) is zero as
well. In this case, the denominator in the expression for the FDP is set
to one and, thus, the FDP becomes zero. This is a reasonable solution
to the “0/0” case, because when no variables are selected there exist
no false discoveries. Similarly, when there exist no true active variables
among the candidates, i.e. p; = Sy ; (v) = 0, the TPP equals zero.

A major result of this work is to determine 7* and v*, such that,
for any fixed L € N,, the T-Rex selector maximizes TPR(v, T, L) while
provably controlling FDR(v, T, L) at any given target level a € [0, 1].
In practice, this amounts to finding the solution of the optimization
problem

max TP, T, L) st EDP(v,T,L) < a, )
v,
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which is equivalent to

max Sy, (v) st FDP(w,T,L) < (6)
v,

because p, is a constant. Note that F/D\P(u, T, L) is a conservative esti-
mator of FDP(v, T, L), i.e., it holds that FDR(v, T, L) = E[FDP(v, T, L)] <
E[F/li’(v, T.L)| = FDR(v, T, L). The details of the conservative FDP
estimator are discussed in Section 3. Since the number of true active
variables, Sy ; (v), is unobservable, it is standard to use Ry ; (v) (i.e., the
observable total number of selected variables) as a practical surrogate.
This approach is adopted by all FDR-controlling benchmark methods
mentioned in Section 1. This results in the final optimization problem:

ma}x Ry (v) st F/D\P(v, T,L)<a. 7)
v,

In words: The T-Rex selector maximizes the number of selected variables
while controlling a conservative estimator of the FDP at the target level a.

Note that the reason why Ry ; (v) is a practical surrogate for Sy ; (v)
in the context of FDR control is that it is (i) an observable upper bound
of Sy ;(v) and (ii) a good approximation of S; ; (v) for reasonably low
target FDR levels . Mathematically, this relationship is obtained by
rewriting the FDR in Definition 3 using Definition 2, which yields
Ry (0) = St ()

FDR(v,T,L)=E <a
Ry (V1

That is, the relative difference of Ry ; (v) and Sy ; (v) is upper-bounded
by a on average. Thus, for small user-defined target FDR levels a,
Ry 1 (v) is a good approximation of Sy ; (v). For these two reasons, (7)
has become the standard optimization problem throughout the FDR
control literature and especially, as mentioned above, has been adopted
by all benchmark methods.

In Section 3, it is shown that the T-Rex selector efficiently solves (7).
Note that since (5), (6), and (7) share the same feasible region, any
solution of (7) is trivially a feasible solution of (5) and (6).

3. Main results

This section contains our main results about the proposed T-Rex
selector, which concern: FDR-control (Theorem 1), dummy generation
(Theorem 2), and the optimal calibration algorithm (Theorem 3). We
use martingale theory [36] to prove the FDR control property of the
T-Rex selector. The developed FDR control theory relies on standard
assumptions that are extensively verified especially for GWAS, i.e., the
main use-case of this paper (see Appendices F, G, and J in the sup-
plementary materials). Additionally, the computational complexity of
the T-Rex selector, which stems from the computation of K terminated
random experiments with expected complexity O(np), is derived in
Appendix E in the supplementary materials.

3.1. FDR control

In Definition 1, the relative occurrence @7 ; (j) of the jth candidate
variable has been introduced. It can be decomposed into the changes
in relative occurrence, i.e.,

T
r ()= YA, (), j=1,....p,
t=1

where A®, ; (j) := @, ; (j)—®P,_; 1 (j) is the change in relative occurrence
from step ¢ — 1 to ¢ for variable j.°

5 When using a forward selection method within the T-Rex selector frame-
work that does not drop variables along the solution path (e.g. LARS), all
@, ,(j)’s are non-decreasing in ¢ and, therefore, A®,,;(j) > 0 for all j. In
contrast, when using forward selection methods that might drop variables
along the solution path (e.g. Lasso), the @, ;(j)’s might decrease in ¢ and,
therefore, the A®, ; (j)’s can be negative. Nevertheless, the relative occurrence
@, (j) is non-negative for all j and any forward selection method.
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Since the active and the null variables are interspersed in the solu-
tion paths of the random experiments, some null variables might appear
earlier on the solution paths than some active variables. Many re-
searchers have observed that active and null variables are interspersed
in solution paths obtained from sparsity-inducing methods, such as
the LARS algorithm or the Lasso [19,54]. Therefore, it is unavoidable
that the A®,;(j)’s of the null variables are inflated, meaning that
their values become artificially larger than expected, along the solution
paths of the random experiments. Moreover, we observe interspersion
not only for active and null variables but also for dummies, which is
expected since dummies can be interpreted as flagged null variables.

The above considerations motivate the definition of the deflated
relative occurrence to harness the information about the fraction of
included dummies in each step along the solution paths in order to
deflate the A®,; (j)’s of the null variables and, thus, account for the
interspersion effect.

Definition 5 (Deflated relative occurrence). The deflated relative occur-
rence of variable j is defined by
T P
p=2_ P (@
@), () :=Z<1— el !
: L-(-1  X.ios5 @

t=1

>A<1’;,L(i),

j=1,...,p.

In words: The deflated relative occurrence is the sum over the deflated
A®, | (j)’s from step t = 1 until step t = T. As detailed and intuitively
explained in Appendix C in the supplementary materials, the A®, ; (j)’s
are multiplied by a deflation factor that takes into account the ratio
between the fraction of selected dummies and the fraction of selected
candidate variables in each step t € {1,...,T}.

The reader might wonder whether the deflation factors affect the
A®, ; (j)’s of active variables in addition to those of null variables.
Deflation factors minimally impact the A®,,(j)’s of active variables
because active variables typically enter the solution paths early at
low values of ¢, where the deflation factor is close to one, and at
higher 1, 4®, ; (j) for active variables approaches zero. A more detailed
explanation of this is deferred to Appendix C in the supplementary
materials.

Using the deflated relative occurrences, the estimator of Vy (v),
i.e., the number of selected null variables (see Definition 2), and the
corresponding FDP estimator are defined as follows:

Definition 6 (FDP estimator). The estimator of Vr ; (v) is defined by
Ve = Y (1= ()

j€Aw)
and the corresponding estimator of FDP(v, T, L) is defined by

I/}T,L(U)

FDP(v, T, L) = ooV
T,L

(8
with

FDR(v», T, L) := E[FDP(v, T, L)]

being its expected value.

Note that the term II)TAV 1 (v) is an estimator of the number of false
discoveries within the set of selected variables //t\(u). This estimator
is obtained by summing up the complements of the deflated relative
occurrences GD’T' e for each selected variable j. Essentially, 1 —<1§’T4 L)
estimates the probability that a selected variable j is a false discovery,
and summing these values across all selected variables provides the
total estimate of false discoveries.

The main idea behind FDR control for the T-Rex selector is that
controlling F/IiJ(v, T, L) at the target level « € [0, 1] guarantees that
FDR(v, T, L) is controlled at the target level as well. To achieve this, we
define v € [0.5, 1) as the voting level at which F/D\P(v, T, L) is controlled
at the target level. Note that v has to be at least 50% to ensure that
all selected variables occur in at least more than the majority of the
candidate sets within the T-Rex selector.
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Definition 7 (Voting level). Let T € {1,...
Then, the voting level is defined by

v :=inf{v €[0.5,1) : FDP(v,T, L) < a} 9)

,L} and L € N, be fixed.

with the convention that v = 1 if the infimum does not exist.®

Remark 2. Recall that the aim that is stated in the optimization prob-
lem in (7) is to select as many variables as possible while controlling
I’ﬁD(U,T, L) at the target level. For fixed T and L, this is achieved by
the smallest voting level that satisfies the constraint on F/D\P(u, T,L).
We can easily see that for any fixed T and L, the voting level in (9)
solves the optimization problem in (7). The reason is that for any two
voting levels v;, v, € [0.5, 1) with v, > v, satisfying the FDP-constraint
in (9), it holds that Ry ; (v)) > Ry 1 (vy).

Remark 3. If v, T, and L satisfy Eq. (9), then the FDP from Definition 3
can be upper-bounded as follows:

v . 1%
FDP(v,T,L) = L(U) = FDP(u. T, L) - AT,L(U)
Rr. V1 Vr ()
Vr () Vr 1 (0)
<a-— <a-— ’
Vr () V-;YL(U)

where I7T’A ; (), which is supposed to be greater than zero, is defined by
Vi =V - Y (1= ().

jeAw)

Before the FDR control theorem is formulated, we introduce a
lemma that contains the backbone of our FDR control theorem, which
is rooted in martingale theory [36]:

Lemma 5. Define V := (@7 ;(j) : @7 () >05,j=1,...,p} and

Vr ()
Hy () 1= ——.
VT’L(U)
Let F, = o({Vp()}ysp {177,,L(”)}u2u) be a backward-filtration with

respect to v. Then, for all tuples (T, L) € {1,...,L} X N, {Hy ;(0)},eyp
is a backward-running super-martingale with respect to F,,. That is,

E[Hr (v~ e;k",L(U)) ‘ F,| = Hy 1 (v),
where
e;’L(v) :=inf{e € (0,0) : Ry ;(v—€)— Ry (v) =1}

with v € [0.5,1) and the convention that e, ) =0 if the infinum does
not exist.

Proof. The proof is deferred to Appendix A in the supplementary
materials. [

Theorem 1 (FDR control). Suppose that I7T’ (V) > 0. Then, for all triples
(T,L,v) €{l,...,L} xN,_x[0.5,1) that satisfy Eq. (9) and as K — oo, the
T-Rex selector controls the FDR at any fixed target level a € [0, 1], ie.,

FDR(v,T, L) = E[FDP(u, T, L)] < a.

©® The voting level can be interpreted as a stopping time. The term ‘stopping
time’ stems from martingale theory [36]. In the proof of Lemma 5 in Appendix
A in the supplementary materials, it is shown that indeed v is a stopping
time with respect to some still to be defined filtration of a still to be defined
stochastic process. Note that the convention of setting v = 1 if the infimum
does not exist ensures that no variables are selected when there exists no triple
(T, L, v) that satisfies Eq. (9).
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Proof sketch. Taking the expectation on both sides of the inequality
in Remark 3 yields an upper bound on the FDR, i.e.,

FDR(v, T, L) = E[FDP(v, T, L)] < « - E[Hy ()],

where Hp;(v) = VT'L(U)/I/}ZC'L(U), as defined within Lemma 5. To
prove FDR control at the target level a, it remains to prove that
E[Hy  (v)] < 1. This is achieved by using the fact that the process
{Hr (v)},ep is a backward-running super-martingale, as stated in
Lemma 5. This martingale property allows using the optional stopping
theorem [36] to upper-bound the expected value of Hp,(v) by its
expected value at the initial point v = 0.5, which is smaller than one,
ie, E[Hr (v)] <E[Hr (05 <1. O

The details of the proof are deferred to Appendix A in the sup-
plementary materials. Along with the details of the proof of the FDR
control theorem, detailed explanations of the standard assumptions and
their extensive numerical verifications are deferred to Appendices F, G,
and J in the supplementary materials.

3.2. Dummy generation

As shown in Fig. 3, the T-Rex selector generates L i.i.d. dummies
for each random experiment by sampling each element of the dummy
vectors from the standard normal distribution, i.e.,

X, =[X ... X,y1", where %;;, ~ N(0, 1),

i=1,...,n, 1 =1,..., L. This raises the question whether dummies can
be sampled from other distributions, as well, to serve as flagged null
variables. From an asymptotic point of view, i.e., n — oo, and if some
mild conditions are satisfied, the perhaps at first glance surprising an-
swer to this question is that dummies can be sampled from any univariate
probability distribution with finite expectation and variance in order to serve
as flagged null variables within the T-Rex selector.

We will prove the above statement for any correlation-based for-
ward selection procedure. Specifically, this includes procedures that
use sample correlations of the predictors with the response or with
the current residuals in each forward selection step to determine which
variable is included next. Thus, the statement is true, e.g., for the LARS
algorithm, Lasso, adaptive Lasso, and elastic net.

Recall that null variables and dummies are not related to the re-
sponse. For null variables this holds by definition and for dummies this
holds because dummies are generated without using any information
about the response.” Moreover, the sample correlations of the dum-
mies with the response are random. Thus, the higher the number of
generated dummies, the higher the probability of including a dummy
instead of a null or even a true active variable in the next step of a
random experiment. These considerations suggest that only the number
of dummies within the enlarged predictor matrices is relevant for the
behavior of the forward selection process in each random experiment.
That is, the core of the following Theorem 2 is that, for n — oo, the
distribution from which the dummies are sampled has no influence on
the distribution of the correlation variables

o " o
Granke = D Vi * Xitso
i=1

I € Dyy, m > 1, k = 1,...,K, where y,,, is the ith element
of Y '=y-X fim,k (i.e., the residual vector in the mth forward
selection step of the kth random experiment) with B,,, and D, being

7 Note that the knockoff generation processes of the fixed-X and the model-
X knockoff method, i.e., the benchmark methods, are fundamentally different
from our approach that uses dummies. Although these methods also do not
use any information about the response to generate the knockoffs, unlike the
proposed T-Rex selector, they must incorporate the covariance structure of the
predictor matrix, which leads to a large computation time, especially for high
dimensions (see Appendix B in the supplementary materials and Figure 1).
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the estimator of the parameter vector and the index set of the non-
included dummies in the mth forward selection step of the kth random
experiment, respectively. Note that y, , = y for all k, since B, , = 0 for
all k, i.e., the residual vector in the first step of the forward selection
process is simply the response vector y. The random variable X ik
represents the ith element of the /th dummy within the kth random
experiment. Summarizing, Cc;l’myk can be interpreted as the weighted
sum of the i.i.d. random variables X Liks - ,)},,9,,,( with fixed weights
Yimks > Ynmk- With these preliminaries in place, the second main
theorem is formulated as follows:

Theorem 2 (Dummy generation). Let )?,.’,Yk, i = 1,....,n, 1 € D,y
m > 1, k = 1,...,K, be standardized i.i.d. dummy random variables
Gie, E[X,;;] = 0 and Var[X,,,]| = 1 for all i,l,m,k) following any
probability distribution with finite expectation and variance. Define

1 o
= G
n,m,k
2 .y 2 ;
where I’ = Dict Vi With L,
Yimk € R for all i, m, k. Suppose that
yi,m,k

D,

n,l,m,k

« > 0 for all n,m,k and with fixed

lim

n—oco

=0, i=1,...,n,
n,m,k

for all m,k. Then, as n — oo,
d
Dn,lfm,k - D, D~ N(O, 1)»

for all I, m, k.

Proof sketch. The Lindeberg-Feller central limit theorem is applicable
because )2,3,,,(, i=1,..,nl€Dy,,mz>1,k=1,..,K, are iid.
random variables and it holds that E[D,;,,,] = 0 and Var[D,, ] = 1.
Moreover, since Qciy,ym,k = Yimk X itk / Tpmy satisfies the Lindeberg
condition for all /, m, k, the theorem follows. []

The details of the proof and illustrative examples with non-Gaussian
dummies are deferred to Appendix A and Appendix K, respectively, in
the supplementary materials.

The reason why the theorem is an asymptotic result that requires
n — oo is that its proof uses the Lindeberg-Feller central limit theorem.
Nevertheless, the widespread adoption of several flavors of the central
limit theorem stems from the well-known fact that it usually provides
already good convergence results at low sample sizes. Our additional
simulations in Appendix K of the supplementary materials with dum-
mies sampled not only from the standard normal distribution but also
from non-Gaussian distributions (i.e., uniform, Student-z, and Gumbel)
numerically verify Theorem 2 in a high-dimensional setting with n =
300 samples and p = 1000 variables. For all these dummy distributions,
the results are almost identical. That is, there is no superior dummy
distribution and, therefore, we simply choose to sample dummies from
the standard normal distribution throughout this work.

Remark 4. Note that sampling dummies from any univariate prob-
ability distribution with finite expectation and variance to serve as
flagged null variables is only reasonable in combination with multiple
random experiments as conducted by the proposed T-Rex selector. We
emphasize that Theorem 2 is not applicable to knockoff generation
procedures of, e.g., fixed-X and model-X knockoffs.

3.3. The T-Rex selector: Optimal calibration algorithm

This section describes the proposed T-Rex calibration algorithm,
which efficiently solves the optimization problem in (7) and provides
feasible solutions for (5) and (6). The pseudocode of the T-Rex cali-
bration method is provided in Algorithm 1. The algorithm flow is as
follows: First, the number of dummies L and the number of random
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experiments K are set (usually L = p and K = 20).° Then, setting
v = 1 — Av and starting at T = 1, the number of included dummies
is iteratively increased until reaching the value of T for which the FDP
estimate at a voting level of v = 1 — Av exceeds the target level for the
first time. In each iteration, before the target level is exceeded, A (@, T)
is computed as in (4) on a grid for v, while for values of v for which
F/lﬁ’(v, T, L) exceeds the target level A 1 (v, T) is equal to the empty set.
Picking the v/ and T’ that maximize the number of selected variables
yields the final solution.’

Algorithm 1 T-Rex Calibration.

1. Input: « € [0,1], K, L, X, y.

2. SetT =1, 4v=—, FEDP(v=1—4uv,T, L) = 0.

xI=

3. While FDP(v=1-4v,T,L) < and T < L do:

3.1. For v =0.5,0.5+ 40,05+ 2 - 4v, ..., 1 — Av do:

i. Compute FDP(v,T, L) as in (8).
ii. If FDP(v,T, L) < «

Compute fTL(v, T) as in (4).
Else

Set A, (v,T) = @.
3.2. SetT « T +1.

4. Solve

A 2
rUQ’Z})/(‘AL(u,T)
st. T'e{l,...,T -1}

v €{0.5,0.54+ 40,0.5+2 - 4v,...,1 — Av}

and let (v*, T*) be a solution.

5. Output: (v*,T*) and A, (v, T*).

The reason for exiting the loop in Step 3 when the FDP estimate
at a voting level of 1 — Av exceeds the target level for the first time is
based on two key observations from our still to be presented simulation
results (see Fig. 5):

1. For any fixed T and L the average value of Flﬁ’(v, T, L) decreases
as v increases.

2. For any fixed v and L the average value of F/D\P(U, T, L) increases
as T increases.

Remark 5. To foster the intuition behind these observations, we note
that Eq. (8) can be written as follows:

Vr1(@)
(Ve @ +Sr ) v1

FDP(v,T, L) =

8 As already mentioned in Section 2.3, K is not subject to optimization. In
practice, choosing K = 20 already provides excellent results (see Section 4)
and only incremental improvements are achieved with larger values of K.

9 In case of multiple solutions, we recommend to choose the solution with
the largest v because such a solution provides the variables that were selected
most frequently. Nevertheless, all solutions to the calibration problem that
are computed using Algorithm 1 provide FDR control while maximizing the
number of selected variables.
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Taking Definitions 2, 6, and the reformulation of Eq. (8) into account,
we see that the observations suggest that we can expect the rather
conservative estimate 17T’ 1) of Vi, (v) in the numerator to decrease
faster than the total number of selected variables V7 ; (v) + Sr ;(v) in
the denominator when increasing the voting level v. This is something
that can be expected since, in general, assuming a variable selection
method that performs better than random selection, active variables
are expected to have higher relative occurrences than null variables
and, therefore, remain selected even for large values of the voting
level v. A similar reasoning can be applied to intuitively understand
the monotonical increase of F/Ii’(u, T, L) with respect to T.

With these preliminaries in place, the third main theorem of this
paper can be formulated:

Theorem 3 (Optimality of Algorithm 1). Let (v*,T*) be a solution deter-
mined by Algorithm 1 and suppose that, ceteris paribus, FDP(v, T, L) is
monotonically decreasing in v and monotonically increasing in T. Then,
(v*,T*) is an optimal solution of (7) and a feasible solution of (5) and
(6).

Proof sketch. Since the objective functions of the optimization prob-
lems in Step 4 of Algorithm 1 and in (7) are equivalent, i.e., A L@, 1)| =
Ry 1 (v), it only needs to be shown that the feasible set in Step 4 of
the algorithm contains the feasible set of (7). Since the conditions of
the optimization problems in (5), (6), and (7) are equivalent, this also
proves that (v*,T*) is a feasible solution of (5) and (6). []

The details of the proof are deferred to Appendix A in the supple-
mentary materials.

3.4. Extension to the calibration algorithm

In Theorem 1, we have also established that the T-Rex selector
controls the FDR at the target level for any choice of the number of
dummies L. However, the choice of L has an influence on how tightly
the FDR is controlled at the target level (see Fig. 5). Since controlling
the FDR more tightly usually increases the TPR (i.e., power), it is
desirable to choose the parameters of the T-Rex selector accordingly.
We will see in the simulations in Section 4 that with increasing L, the
FDR can be more tightly controlled at low target levels. In order to
harness the positive effects that come with larger values of L while
limiting the increased memory requirement for high values of L, we
propose an extended version of the calibration algorithm that jointly
determines v, T, and L such that the FDR is more tightly controlled
at the target FDR level while not running out of memory.'° The major
difference to Algorithm 1 is that the number of dummies L is iteratively
increased until the estimate of the FDP falls below the target FDR
level . The pseudocode of the extended T-Rex calibration algorithm
is provided in Algorithm 2.!

Note that the extension to Algorithm 1 lies in Step 2 and Step 3.
Additionally, and in contrast to Algorithm 1, the input to the algorithm
is extended by a reference voting level & € [0.5,1) and the maximum
values of L and T, namely L., and T,,,. The algorithm flow is as
follows: First L and T are set as follows: L = p and T = 1. Then, starting
at L = p the number of dummies L is iteratively increased in steps of
p until the estimate of the FDP at the voting level & falls below the

10 The reader might raise the question whether also the computation time
increases with increasing L. There is no definite answer to this question. On
the one hand, for very large values of L the computation time might increase.
On the other hand, with increasing L the solution paths of the experiments
are terminated earlier because the probability of selecting dummies grows with
increasing L. Thus, increasing L might increase or decrease the computation
time depending on whether the first or the second effect dominates.

11 The R package TRexSelector [49] contains the implementation of the
extended calibration algorithm in Algorithm 2.
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Algorithm 2 Extended T-Rex Calibration.

1. Input: a € [0,1], K, X, ¥, 0, Ly Thax-

2. Set L=p, T =1.

3. While FDP(v = #,T,L)>a and L < L, do:
Set L « L+ p.

o~

4. Set Av= —, FDP(v=1—Av,T,L)=0.

~|=

5. While FDP(v=1—4v,T,L) <a and T < T, do:

max

5.1. For v =0.5,0.5+ 40,0.5+2- A4v, ..., 1 — Av do:

i. Compute FDP(v,T, L) as in (8).
ii. If FDP(v,T, L) < «

Compute /TL(U, T) as in (4).
Else

Set A, (v,T) = @.
5.2. SetT « T + 1.

6. Solve

T oo 7!
A1)

st. T'e{l,...,T -1}
v €{0.5,0.54+ 40,0.5+2 - Av,...,1 — Av}

and let (v*,T*) be a solution.

7. Output: (v*,T*) and A, (v*, T*).

target FDR level a or L exceeds L ,,. The rest of the algorithm is as
in Algorithm 1 except that the loop in Step 5 is exited when T exceeds
T,

max*

What remains to be discussed are the choices of the hyperparam-
eters 0, L,., and T, . Throughout this paper, we have set § = 0.75,
L. = 10p, and T,,, = [n/2], where [n/2] denotes the smallest integer
that is equal to or larger than n/2. An explanation and a discussion
of these choices are deferred to Appendix J in the supplementary
materials.

4. Numerical simulations

In this section, the performances of the proposed T-Rex selector
and the benchmark methods are compared in a simulation study. The
benchmark methods in low-dimensional settings (i.e., p < n) are the
well-known Benjamini-Hochberg (BH) method [17], the Benjamini-
Yekutieli (BY) method [18], and the fixed-X knockoff methods [19],
while the model-X knockoff methods [20] are the benchmarks in high-
dimensional settings (i.e., p > n). Knockoff methods come in two varia-
tions called “knockoff” and “knockoff+”. Only the “knockoff+” version
is an FDR controlling method. For a detailed explanation and discussion
of the benchmark methods, the reader is referred to Appendix H in the
supplementary materials.
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4.1. Setup and results

We generate a sparse high-dimensional setting'? with n observa-
tions, p predictors, and a response given by the linear model in (1).
Further, §; = 1 for p; randomly selected j’s while §; = 0 for the others.
The predictors are (i) sampled independently from the standard normal
distribution (Figs. 5 and 6) and (ii) sampled from an autoregressive
model of order one with autocorrelation coefficient p = 0.5 (Fig. 7).
The standard deviation of the noise ¢ is chosen such that the signal-
to-noise ratio (SNR), which is given by Var[Xp]/¢?, is equal to the
desired value. In Appendices K and L of the supplementary materials,
we show results for non-Gaussian predictors and heavy-tailed noise
settings. The specific values of the above described simulation setting
and the parameters of the T-Rex selector, i.e., the values of n, p, p,,
SNR, K, L, T, v, are specified in the figure captions. The results are
averaged over M C = 955 Monte Carlo replications.**

First, in order to assess the FDR control performance and the
achieved power of the T-Rex selector, respectively, the average FDP,
FDP, and TPP are computed over a two-dimensional grid for v and
T for different values of L. We evaluate the performance of the T-
Rex selector in combination with the proposed extended calibration
algorithm in Algorithm 2 across different sparsity levels and SNR values
at a targeted FDR of 10%. That is, all other parameters remain constant
while we vary the number of true active variables p, (i.e., different
sparsity levels) and the SNR. This approach allows us to compare
the performance of the T-Rex selector against benchmark methods in
various scenarios.

The reported average FDP, FDP, and TPP (all averaged over 955
Monte Carlo replications) in Figs. 5, 6, and 7 are estimates of the FDR,
ﬁ, and TPR, respectively. For this reason, the results are discussed in
terms of the FDR, I?D\R, and TPR in the captions of the figures, while the
axes labels emphasize that the average FDP, FDP, and TPP are plotted.

The simulation results confirm that the proposed T-Rex selector
possesses the FDR control property. Moreover, the simulation results
show that the T-Rex selector outperforms the benchmark methods and
that its computation time is multiple orders of magnitude lower than
that of its competitors (see Fig. 1 in Section 1 and Table 1). The
detailed descriptions and discussions of the simulation results are given
in the captions of Figs. 5, 6, and 7. Appendix K in the supplementary
materials contains additional simulations that confirm the superior
performance of the T-Rex selector under various non-Gaussian, heavy-
tailed, and skewed data distributions. Furthermore, Appendix L in the
supplementary materials discusses in more detail the robustness of the
T-Rex selector in the presence of non-Gaussian heavy-tailed noise.

5. Simulated genome-wide association study

The T-Rex selector and the benchmark methods are applied to
conduct a high-dimensional simulated case-control GWAS. The size
of the GWAS was chosen, such that it was still practically feasible
to compute the computationally intensive benchmark methods. The
goal is to detect the single nucleotide polymorphisms (SNPs) that are
associated with a disease of interest (i.e., active variables). At the same
time, it is important to keep the number of selected SNPs that are not
associated with that disease (i.e., null variables) low.

12 Additional simulation results that allow for a performance comparison of
the proposed T-Rex selector to the BH method, the BY method, and the fixed-X
knockoff methods in a low-dimensional setting are deferred to Appendix I in
the supplementary materials.

13 The reason for running 955 Monte Carlo replications is that the simula-
tions were conducted on the Lichtenberg High-Performance Computer of the
Technische Universitdt Darmstadt, which consists of multiple nodes of 96 CPUs
each. In order to run computationally efficient simulations, our computation
jobs are designed to request 2 nodes and run 5 cycles on each CPU while one
CPU acts as the master, i.e., (2-96—1)-5 = 955.
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FDP FDP

12 4 ° 8T
(c) Average FDP and FDP (L = 5p).
TPP

(d) Average TPP (L = p). (e) Average TPP (L = 3p). (f) Average TPP (L = 5p).

Fig. 5. The T-Rex selector controls the FDR for all values of v and T while achieving a high power, even at low values of T. Note that the FDR control is tighter for large
values of L. This observation led to the development of Algorithm 2. Moreover, we observe that the conditions in Theorem 3 hold on average (i.e., ceteris paribus, FDP(v, T, L)
is monotonically decreasing in v and monotonically increasing in 7). Setup: n = 300, p = 1000, p, = 10, K =20, SNR =1, MC = 955.
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Fig. 6. General: The model-X knockoff method fails to control the FDR. Among the FDR-controlling methods, the T-Rex selector outperforms the model-X knockoff+ method in
terms of power. Details: (a) The T-Rex selector and the model-X knockoff+ method control the FDR at a target level of 10% for the whole range of SNR values while the model-X
knockoff method fails to control the FDR and performs poorly at low SNR values. Setup: n =300, p = 1000, p, = 10, T, = [n/2], L, = 10p, K =20, MC = 955. (b) As expected,
the TPR (i.e., power) increases with respect to the SNR. It is remarkable that even though the FDR of the T-Rex selector lies below that of the model-X knockoff+ method for SNR
values larger than 0.6, its power exceeds that of its strongest FDR-controlling competitor. The high power of the model-X knockoff method cannot be interpreted as an advantage,
because the method does not control the FDR. Setup: Same as in Figure (a). (c) As in Figure (a), only the T-Rex selector and the model-X knockoff+ method control the FDR
at a target level of 10%, whereas the model-X knockoff method always exceeds the target level. Setup: n = 300, p = 1000, T,,, = [n/2], Ly, = 10p, K =20, SNR =1, MC = 955.
(d) Among the FDR-controlling methods, the T-Rex selector has by far the highest power for sparse settings. The power of the model-X knockoff method exceeds that of the
FDR-controlling methods, but this cannot be interpreted as an advantage of the method since it exceeds the target FDR level. Note that for an increasing number of active variables
the power drops for all methods since apparently the number of data points n = 300 does not suffice in the simulated settings with a low sparsity level, i.e., settings with many
active variables. Setup: Same as in Figure (c).

5.1. Setup of the active variables. Thus, we have p; = 10 active variables and
po = 19,990 null variables. The number of observations is n = 1000

The genotypes of 700 cases and 300 controls are simulated based (700 cases and 300 controls). The results are averaged over 100 data

on haplotypes from phase 3 of the International HapMap project [55] sets satisfying the above specifications. The detailed description of the

using the software HAPGEN2 [56]. We simulated 10 randomly selected setup and the preprocessing of the data is deferred to Appendix J in the

disease loci on the first 20,000 SNPs of chromosome 15 (contains 42,351 supplementary materials.

SNPs in total) with randomly selected risk alleles (either 0 or 1 with

P(“0”) = P(“1”) = 0.5) and with the heterozygote risks and the homozy- 5.2. Results

gote risks being sampled from the uniform distribution on the intervals

[1.5,2] and [2.5, 3], respectively. Since we are conducting a case-control In this HAPGEN2-based GWAS benchmarking, the T-Rex selector
study, the control and case phenotypes are 0 and 1, respectively. Note demonstrates its real-life applicability, as it is the only FDR-controlling
that the SNPs and the phenotype represent the candidate variables and method with a positive TPR, and its sequential computation time is
the response, respectively, while the disease loci represent the indices 4 min (vs. more than 12 h for the knockoff methods). The results
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Fig. 7. Average FDP and TPP in the case of dependent predictors: The T-Rex selector controls the FDR, has the highest power among the FDR-controlling methods, and reaches
the almost highest possible TPR level at an SNR of 2 while the model-X knockoff+ method requires an SNR of 5 to reach the same TPR level. The model-X knockoff+ method also
controls the FDR except for an SNR of 5, where it slightly exceeds the target FDR, and the model-X knockoff method does not control the FDR. The predictors were sampled from
an autoregressive model of order one (AR(1)) with Gaussian noise and an autocorrelation coefficient p = 0.5. Setup: n = 300, p = 1000, p, = 10, T, = [n/2], Ly, = 10p, K =20,
MC =955.

Table 1

The proposed T-Rex selector is the only method whose average FDP lies below the target FDR level of 10% while achieving a non-zero power. The only competitor that provably
possesses the FDR control property, namely the model-X knockoff+ method, has an average FDP of 0% but also an average TPP of 0%, i.e., it has no power. The model-X knockoff
method exceeds the target FDR level. The computationally cheap procedure of plugging the marginal p-values into the BH method or the BY method, which has been a standard
procedure in GWAS, fails in this high-dimensional setting. The sequential computation time of the proposed T-Rex selector in combination with the extended calibration algorithm
in Algorithm 2 is roughly 4 min as compared to more than 12.5 h for the model-X methods. That is, the T-Rex selector is 183 times faster than its strongest competitors. Note
that this is only a comparison of the sequential computation times. Since the random experiments of the proposed T-Rex selector are independent and, therefore, can be run in
parallel on multicore computers, an additional substantial speedup can be achieved.

Methods FDR control? Average FDP Average TPP Average sequential Average relative sequential
(in %) (in %) computation time (hh:mm:ss) computation time
Proposed: T-Rex v 645 38.50 00:04:05 1
model-X+ v 0.00 0.00 12:32:47 183.71
model-X X 13.07 41.40 12:32:47 183.71
BY X 94.00 0.00 00:00:00 0.00
BH X 99.00 0.00 00:00:00 0.00
(i.e., FDR, TPR, and sequential computation time) and a discussion software package to handle complex valued data, thereby expanding
thereof are given in Table 1, while additional results are deferred to the applicability of the T-Rex selector to a broader range of applications
Appendix J in the supplementary materials. in various scientific and engineering domains.
As a next step, we shall conduct multiple reproducibility studies
6. Conclusion applying the T-Rex selector on large-scale genotype and phenotype
data from the UK Biobank [57] in order to reproduce some of the
The T-Rex selector, a new fast FDR-controlling variable selection reported results in the GWAS catalog [12]. Our aim is to confirm
framework for high-dimensional settings, was proposed and bench- past discoveries, discover new genetic associations, and flag potentially
marked against existing methods in numerical simulations and a sim- false reported genetic associations. We plan to publish our results as a
ulated GWAS. The T-Rex selector is, to the best of our knowledge, curated catalog of reproducible genetic associations and hope that this
the first multivariate high-dimensional FDR-controlling method that endeavor helps scientists to focus their efforts in revealing the causal

scales to millions of variables in a reasonable amount of computation
time. Since the T-Rex random experiments can be computed in parallel,
multicore computers allow for additional substantial savings in compu-
tation time. These properties make the T-Rex selector a suitable method

mechanisms behind the genetic associations on the most promising and
reproducible genetic associations.

especially for large-scale GWAS. CRediT authorship contribution statement
In order to ensure the reproducibility of the presented results and
enhance the usability of the proposed T-Rex selector, the actively Jasin Machkour: Writing — review & editing, Writing — origi-
maintained open-source R software package TRexSelector has been nal draft, Visualization, Validation, Software, Resources, Project ad-
made available on CRAN [49]. ministration, Methodology, Investigation, Formal analysis, Data cura-
A current limitation of the T-Rex selector concerns its high random- tion, Conceptualization. Michael Muma: Writing — review & editing,
access memory (RAM) usage for storing dummies. This issue has been Supervision, Resources, Project administration, Funding acquisition,
alleviated through the use of sophisticated memory mapping technolo- Conceptualization. Daniel P. Palomar: Writing — review & editing,
gies, enabling efficient use of the solid-state drive (SSD) of a computer Supervision, Resources, Project administration, Funding acquisition,
to virtually extend the available RAM on standard laptops, as detailed Conceptualization.

in [43]. Nevertheless, advancements to reduce memory demand and
enhance computational efficiency are a priority in our future research
to allow for an even further scalability of the framework to potentially
billions of variables and, thus, allow for FDR-controlled multivariate
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association testing using whole genome sequencing data. The authors declare that they have no known competing finan-
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