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Introduction
issing data are a pervasive challenge across scientific
disciplines, occurring whenever observations are par-
tially unavailable due to sensor failures, measurement
limitations, human error, or natural phenomena. In
signal processing (SP) and machine learning (ML), incom-
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plete data can severely compromise analysis, distort param-
eter estimates, and undermine predictive performance.

From sensor networks and radar systems to medical imag-
ing and financial time series, practitioners across domains
must routinely grapple with the question: How should we han-
dle missing data?
= In biomedical SP, equipment malfunctions frequently cause

missing recordings. For instance, electroencephalograms

(EEGS) often contain faulty measurements due to electrode

disconnections or motion artifacts, prompting analysts to

discard affected segments and creating data gaps.
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m In image processing, images must often be restored from
partial observations caused by distortions such as scratch-
es, noise, or occlusions. In remote sensing, for example,
optical sensors are limited by cloud cover and prone to
hardware failures, such as the well-known malfunction of
the Landsat ETM+ scan-line corrector, which produced
images with systematic gaps.

m In sensor array processing, multiple antennas record sig-
nals from a small number of sources, and measurements
may be lost during transmission or due to sensor failures.
As the number of underlying sources is typically much
smaller than the number of sensors, the resulting data
matrix can be modeled as the sum of a strictly low-rank
matrix, representing the true signals plus a noise matrix.

m In financial data analysis, traded assets often exhibit missing
values due to nontrading periods, lack of liquidity, or data han-
dling errors. Accurate imputation is critical for applications
such as portfolio optimization, backtesting, and risk modeling.

® In recommender systems, the Netflix Prize dataset (released

in 2006) comprised ratings from approximately 480,000

users over 18,000 movies, yet only about 1% of entries were

observed; the competition challenged participants to predict
missing ratings from this extremely sparse matrix.

m In graph-structured data, signals defined on networks, such
as temperature measurements in sensor networks, user
interactions on social networks, or traffic patterns in trans-
portation systems, frequently contain missing entries due
to device malfunctions or privacy constraints.

This challenge of extracting information from incomplete
observations is far from new. Early statistical work by Wilks
in 1932 addressed parameter estimation for bivariate normal
distributions with missing values, motivated by incomplete
questionnaires in social sciences and government statistics.
Lord extended this framework to multivariate settings in 1955
[1]. However, since the early 1970s, the field truly flourished
following Rubin’s seminal work, which formalized the theo-
retical foundations of missing-data mechanisms, i.e., the proba-
bilistic relationship between missingness and data values [2].
This framework established that different causes of missing-
ness require fundamentally different analytical approaches.
Combined with advances in computational capacity, Rubin’s
theory catalyzed major methodological developments span-
ning statistical inference, data analysis, and ML. Over the past
three decades in particular, the SP and ML communities have
witnessed tremendous progress in adapting classical techniques
to handle incomplete signals and in developing entirely new
methodologies in core domains, including compressive sensing,
parameter estimation, graph SP, subspace tracking (ST), filter-
ing, regression, classification, and time series analysis.

Practitioners typically face three fundamental tasks when
confronting missing data: imputing missing entries to obtain
complete datasets, estimating parameters or signals from
incomplete observations, and learning predictive models
despite missing values. Each of these analytical tasks presents
distinct challenges and has inspired specialized methodolo-
gies, yet these areas are deeply interconnected.

Scope and contributions of this tutorial. This article aims to pro-
vide practitioners with comprehensive and accessible tools for
dealing with missing data in modern SP/ML applications. While
not aiming for exhaustive coverage, we focus on both classical
and recent techniques tailored to the needs of the SP/ML com-
munity. Our tutorial makes three primary contributions.

First, we provide a clear and unified framework for organizing
missing-data strategies around three fundamental tasks: imputa-
tion (replacing missing entries with predicted values), estimation
(inferring unknown parameters or signals from incomplete data),
and learning (predicting target values from incomplete observa-
tions or using generative (deep) learning approaches to impute
missing values). While these categories are permeable and often
intertwined, this organization clarifies the landscape and helps
practitioners identify appropriate methods for their applications.

Second, we highlight major methodological advances
through detailed case studies grounded in real-world sce-
narios, demonstrating how contemporary techniques address
imputation, estimation, and learning tasks in challenging set-
tings involving irregular and high-dimensional structured data
and complex missingness mechanisms.

Third, we reinterpret key statistical concepts through a con-
sistent formalism familiar to the SP community, making founda-
tional theory accessible while connecting it to modern algorithmic
implementations, including deep learning approaches.

We begin by introducing the notations used throughout
the tutorial, followed by formal definitions of key concepts
to model missing data. The tutorial then proceeds through
three main sections corresponding to the fundamental tasks of
imputation, estimation, and learning, each ending with a brief
takeaway. We conclude with a general summary and discuss
open challenges and future research directions. Table 1 pro-
vides a guideline for readers seeking a general overview of the
material covered in this tutorial.

Basic concepts of missing data

This section defines fundamental concepts for handling miss-
ing data: the missing-data pattern, the missing-data mecha-
nism, and the notion of ignorability. We represent the data by a
p X n matrix X =[x ... x,], where variables (or features) are
arranged along the rows, and i.i.d. observations (or samples)
x;, for j=1,...,n, are arranged along the columns. Table 2
summarizes the notation adopted throughout this tutorial.

Missing-data pattern
To handle missing data systematically, it is convenient to define
the missing-data pattern [3], which characterizes the structure
and shape of missingness. We introduce an indicator matrix
M {0,1}"*" such that, for the ith element of the jth sample
of the data matrix X:

M= {0 if X;; is missing, o

1 if X;; is observed.
Figure 1 illustrates this notation, showing how the complete data

matrix X can be partitioned into its observed (Xo) and miss-
ing (Xm) components. The actually observed data are noted
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Table 1. A section-by-section overview of the tutorial, highlighting unified formulations, key covered methods, and the corresponding references in the

text.
Framework Formulation Algorithms/approaches In-text reference
Impufation l}?fﬁtﬁ“lﬁ;?gi‘%@ X Mean, model-based, Mls Equation (3)
Imputation as an optimization problem
X = argmin d(X, M) + a g (X; 0) + Ah(X) Graph signal recovery, matrix completion Equation (4)
X
Estimation Ignorable missing-data mechanism
0 = argmax f(X.; 0) EM and its variants Table 5
[
Nonignorable missing-data mechanism
0 = argmax f(X., M;0) SEM and its variants Table 5
]
Prior information A priori: MAP-EM Equation (16)
0= arggnlnd(e, X0+ AR(6) Reparameterization based Equation (18)
Learning - MVAE, MIWAE: KL divergence Equation (23)
Generative approaches for imputation . : :
X = 1,(Xo. M), L = argmin & {De(Xo. M) GAIN: advers?rlcl- loss Equat!on (30)
¢ OT: Wasserstein distance Equation (31)
Label prediction with missing values X
incomplete: estimate f(y|X) Xuwn and X Naive imputation then debiased algorithms Equation (33)
incomplete: estimate  f(y| Xo) MIA method, Impute-then-regress strategies Figure 3

OT: optimal transport; KL: Kullback-Leibler.

Table 2. The main notations used in the tutorial.

p Number of variables or features n Number of observations or samples
X/X,; pXn data matrix/its (i, j)-+th entry [XT.. The ith row of X

M Missing-data pattern x;/m; The jth column of X/M

Xo/X, Missing/observed part of the data [x], The ith element of x

Xyl Xo, Missing/observed part of sample x, z Covariance or shape matrix

1xI, /01X, L. norm of X /offdiagonal entries of X u Mean or location vector

2] Vector of unknown parameters ©] Elementwise (Hadamard) product
0(6;0%) Surrogate function at step k of EM §i0) pdf or pmf

E.olg )] Expectation of g(x) with x ~ f()) tr(-)/(-)" Trace operator/transpose operator
det(-)/det (-) Determinant/pseudo-determinant operator f(0) Identical to f(-]@) when @ is deterministic
D Sy Eigenvalue/soft thresholded SVD >0 Is positive semidefinite

pdf: probability density function; pmf: probability mass function.

Y =M O X. Missing-data patterns can

X (Not Fully Observed) X, (Observed) be classified into five nonmutually exclu-

X1 X0 | X0 ] Xl X s X, X3[ X4 sive categories, as illustrated in Figure 2:

1) Univariate missing data occur

Xo 1| Koo | Xo3| Xau| Ko Y=M© X (Observed) X2 X5 when a single variable is missing

Xo | X2 | Xas| X0 Xs s X0 Xl o Xoa| Xs s for some o.bservatlons. Fpr exam-

, , ; ple, in environmental or industrial

0 [Xon] 0| 0 |Xos monitoring, a single sensor (e.g.,

Lef(OlnEay : : __ Xm(Not Observed) humidity) may fail to report read-
Ljof1]|1]O0 0 [ 0|0 X545 Xio Xis ings at certain time instances.

2) Multivariate missing data arise

when multiple variables are missing
00|01 ]|1 X31|X2| X33 simultaneously. For example, wear-
able health devices sensing multiple
physiological signals (e.g., heart
rate, skin temperature, and blood

0|1]0fo0]1 X1 X3|X24

FIGURE 1. An illustration of the missing-data pattern. Blue cells indicate observed entries, and gray
cells indicate missing entries. The observed matrix is ¥ = M O X, where zeros correspond to missing .
entries. The complete data matrix X is decomposed into observed (X,) and missing (X.) compo- pressure) may fail together due to
nents using the indicator matrix M. transmission loss.
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3) The monotone pattern occurs when the incomplete data can
be sorted such that the ith variable is at least as observed as
the (i + 1)-th variable for i =1,..., p —1. A common exam-
ple arises in sensor arrays, where progressive sensor failures
systematically lead to increasing missingness.

4) The file-matching pattern occurs in multimodal contexts where
at least two sets of variables are never jointly observed. This is
often observed when two sensing systems observe the same
phenomenon but operate at different sampling frequencies.

5) The general pattern indicates that multiple blocks of data are
missing across multiple variables in a nonstructured way.
This is typical in imaging systems where pixels or regions are
missing due to occlusions across multiple images.

Missing-dlata mechanism

The cause of missingness, not just its pattern, profoundly influ-
ences the choice of appropriate statistical inference techniques.
Before Rubin’s seminal work [2], the missing-data pattern M
was mostly treated as a deterministic quantity and largely ig-
nored in statistical analysis. Treating M as a random variable
fundamentally changed the theory and practice of working with
incomplete data, providing a principled framework for dealing
with uncertainty in the missingness itself.

The missing-data pattern describes which values are missing
but not the relationship between missingness and data values.
This relationship is characterized by the missing-data mecha-
nism, formally defined using the conditional distribution of M
given X, denoted f(M | X;¢), parameterized by ¢ € Q.

Definition 1 {Missingdata mechanism|

The missing-data mechanism is said:

®m  Missing completely at random (MCAR): The probability of a
value being missing is independent of the data values, i.e.,
M| X; )= fM; ).

m Missing at random (MAR): The probability of missingness
depends only on the observed values, i.e., f(M|X;¢)=
fM | Xo; @).

m  Missing not at random (MNAR): The probability of missing-
ness depends on the values of the missing variables them-
selves, and possibly on the observed ones.

The definitions of missing-data mechanisms are frequently
subject to discussion [4]. In this tutorial, we assume that the pre-
vious statements apply to all possible data patterns and values,

Some concrete examples of these mechanisms are presented in
“Application 1: Modeling Missing Measurements in Wearable
Health Signals.”

Ignorability and likelihood inference

The distinction among MCAR, MAR, and MNAR is critical be-
cause it determines which methods yield valid inference, as ex-
plained later. Under MCAR or MAR, many standard techniques
remain applicable; under MNAR, failing to model the missing-
ness mechanism can produce severely biased estimates.

In most applications, the parameter ¢ governing the missing-
data mechanism is not of primary interest. Statistical inference
typically targets the parameter @ € Qe of the data distribution.
This leads to the notion of ignorability, a key concept that deter-
mines whether the missing-data mechanism must be explicitly
modeled for valid inference.

Definition 2 (Ignorable missing-data mechanism)
A missing-data mechanism is ignorable for likelihood-based in-
ference if the maximum likelihood estimate of 6 obtained from
the observed-data likelihood f(Xo; ) coincides with that ob-
tained from the joint likelihood f(Xo,M; 0,¢).

Under MCAR or MAR, the joint maximum likelihood esti-
mation (MLE)

OmLe, pvie = argmax log f(Xo, M; 0,¢)
©.)€ Q0

factorizes such that the MLE for 6 can be obtained indepen-
dently

Owis = argmax log f(Xo; 0),
0eQo

since

log f(Xo. M: 0. $)=log [ f(X:0) fM | X: $)dXr
MCARMAR log[ . FX:0)dXm- (M| Xo; )

(6, ¢) uncoupled
= log f(Xo,0) +log f(M | Xo: ¢).
@

Here, f(Xo;0)= f f(X;0)dXm denotes the observed-
data likelihood. The conditions in (2) are referred to as ignor-
ability conditions for likelihood inference, as summarized in

corresponding to the everywhere mechanisms described by [4]. Lemma 1.
o ol ol of ol
Qo Qo Qo Qo Qo
s2 T2 ©2 82 s2
s, s, g, g, s,
1 2 3 4 5 1 2 3 4 5 1 2 3 4 5 1 2 3 4 5 1 2 3 4 5
Sample Sample Sample Sample Sample

(a) (b)

(©) (d) (e)

FIGURE 2. Different types of missing-data patterns for multivariate data with p = 3 variables and » =5 samples. White cells indicate X.; gray cells
indicate X... (a) Univariate. (b) Multivariate. (c) Monotone. (d) File matching. (e) General.
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Application 1: Modeling Missing Measurements in Wearahle Health Signals

To illustrate the three missing-data mechanisms, consider a

health monitoring system that records two variables over AR L EIEED L 2 e D

Unobserved (High BP)

time: heart rate (measured via a wearable device) and 170
. . o o o Missing
blood pressure (measured via a cuff-based monitor). 160 |
Missing data can arise for different reasons, each corre- T 150 o o oo ° o
sponding to a distinct mechanism. c 140+ ° 3 S 28 o o
1. MCAR scenario: The wearable device occasionally ex- E g0l . " o sjfy.%“: o®
0 o g q ° > 9
periences technical failures, such as battery depletion g 120 ¢ "o“.é 0588 .
. . . @ M e o )
or signal dropout. These failures occur independently . ) C.. % w
o A °® ®® o
T 100 | . '.°. S..
o
170 MCAR: Missingness Occurs Randomly m 90r¢ .. S e . ° °
_ ° °
° ® o Missing 80 | °
160 0 N
D 150r . * e * ° 40 5 60 70 80 90 100
L > o hd L4 :
E 140 o T °..! - % Heart Rate (Beats Per Minute)
SH30L . %, el o RPN
5 *ag gV 285" FIGURE S3. The MNAR mechanism. The missing data depend on unob-
3 120} e T s
3 U ° "u ] e© served data. BP: blood pressure.
© 110} N R P
o &o° °® ®® o
3 100+ « 3 oo
2 gl e v ¢ . of the actual measurements, so the remaining data are
ol ‘e ° . ° representative of the complete data (see Figure S1).
-0 ‘ Simple approaches such as mean imputation or ignor-

ing missing entries may suffice (see the “Missing Data
Imputation” section).
2. MAR scenario: Older patients may be less likely to
FIGURE $1. The MCAR mechanism. The missing data are independent complete blood pressure measurements regularly
of the data values. due to age-related forgetfulness or unfamiliarity with
the technology. Here, missingness

40 50 60 70 80 90 100
Heart Rate (Beats Per Minute)

depends on an observed variable

MAR: Missingness Depends on Age 170. MAR: Missingness Depends on Age (C‘ge)/ making the mechqnism ig-
o Missing H -
o ool o e norable (see Figure S2). More so
phisticated algorithms that exploit
70 ° I .o * : the relationship between observed
> e o . . o
60 @ s T o e 1o 03 o ° variables can effectively handle this
o o [ ] [ ® o
©0o © [} o ®

% © o ged? S Smp, * ke et case.
) - . . .
% 0 o atat 2 120 “g s UM 3. MNAR scenario: Patients may avoid

® 1] r oo © 9 o
30 -’ ?;2‘;3 o0 £ SR Y R checking their blood pressure when
° ° 110} o ) _— 2
2 PR Lo g gee’ 0 ...' - they suspect it is high, perhaps due
0 Pe 100 oo © to anxiety or denial. Missingness
L4
0 . 90! ° 8o now depends on the unobserved
. L]
200 o . value itself, causing the remaining
8, 150 100  80f . d icall d
%5 100 8 W9 7o ata to systematically underrepre-
Stre, . 5040 i 40 50 60 70 80 90 100 sent high blood pressure readings
© Heart Rate (Beats Per Mi ; 3 :
") ( )v\ea“ga <UD Z’;t)s e (see Figure S3). Ignoring this mecha-
a

nism leads to biased estimates; here,

FIGURE S2. (a) and (b) MAR mechanism. The missing data depend on observed data; when a vo|||<.:J mFehrencel r.equr.es explicitly
adding the age variable (a), patients older than 50 years may be less likely to wear the monitor- modeling the relationship between
ing device consistently. missingness and the missing values.
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lemma 1 (Ignorability for likelihood inference [3))

The missing-data mechanism is ignorable for likelihood inference if
1) The mechanism is MCAR or MAR.

2) The parameters (60, ¢) are uncoupled in the sense that

Qe,(p =Qp X Q¢.

When ignorability holds, likelihood-based inference can pro-
ceed using only the observed-data likelihood f(Xo; 6), without
modeling the missingness mechanism, which is a simplification
in practice.

Missing-data imputation

Equipped with the basic tools to deal with missing values, we
now turn to the task of missing-data imputation. This section
discusses both classical and recent imputation approaches for
various types of signals, including graphs and low-rank matrices.
“Application 2: Multiple Imputation of Financial Time Series”
further illustrates an application to time series data.

Imputation yields a complete dataset that can be analyzed
using standard techniques that require fully observed data, such
as parameter estimation, classification, or regression. Additionally,
imputation may serve as an initialization step for more sophisticat-
ed methods. At this stage, one may ask: Why perform imputation
at all? Why not simply discard samples containing missing values?
This approach, known as list-wise deletion or complete-case anal-
ysis, is justifiable only when the remaining data are representative
of the original distribution and when the proportion of missing val-
ues is small [5]. In many applications, deletion is problematic; for
example, discarding all segments of an EEG containing transient
artifacts may eliminate critical event-related information, funda-
mentally altering the interpretation of neural activity.

In what follows, the imputed dataset, denoted by X , is defined as

X=Up—MOZ +
Grxn 7 M)V 2L

imputed missing values

MOX 3)

—_—
unchanged observed values

where 1,x, isa p X n matrix of ones, and Z contains the values
replacing the missing entries of X.

Classical imputation methods
The simplest approach is probably mean imputation, in
which each missing entry is replaced by the mean of the
observed values for the corresponding variable, that is
[Z)i:= (Z;Mij Xij)/ZiMi;,Vie{l,...,p}. Although straight-
forward to implement, this method ignores relationships between
variables and underestimates the variance. A modest improvement
consists of imputing missing values using the conditional mean
given observed values within the same sample, plus a random
residual to preserve empirical variance. A classic and efficient al-
ternative is to predict missing values from similar samples in the
dataset [6]. For each sample with missing data, one identifies its
k-nearest neighbors using a distance metric on complete variables
and imputes by averaging their values. This method preserves local
structure in the data but faces practical challenges as follows:
1) It requires defining an appropriate distance metric over
incomplete variables.
2) The distance computation becomes unreliable when many
variables are missing.

3) Selecting k is nontrivial and data dependent.

In general, simple methods suffer clear limitations; they fail to
capture complex dependence structures and tend to perform
poorly when the proportion of missing data is substantial. Never-
theless, they serve two important purposes; they provide interpre-
table baselines for benchmarking more advanced techniques, and
they offer practical solutions when missingness is sparse (e.g., less
than 5% for mean imputation) and occurs completely at random
(MCAR). In the following, we present more sophisticated imputa-
tion methods designed for MCAR or MAR settings, that is, when
the missing-data mechanism is assumed to be ignorable (see (2)).

Model-based imputation methods

In model-based imputation methods, the entries of Z are sampled
from the conditional distribution of the missing data given the ob-
served data, i.e., Z ~ f(Xm|X o). These approaches fall into two
broad categories [7, Sects. 4.4—4.6]: iterative conditional meth-
ods, which directly learn f(Xm | Xo), and full generative meth-
ods, which instead learn the joint distribution f(X) = f(Xo,Xm).

lierative condifional methods

This first strategy consists of directly estimating the condi-

tional distribution f(Xm | Xo) without specifying the full joint

distribution f(X). The algorithm iterates the following steps
until convergence:

1) For each variable i, fit a predictive model using complete
samples of [X];. (i.e., samples containing no missing val-
ues for that variable), with [X];. as the target and [X]-i.
(other variables) as predictors.

2) Leverage the fitted model to impute missing values in [X];.:.

3) Repeat for all variables.

The predictor can take various forms, such as a random
forest [8], linear regression, or other flexible models. A popu-
lar approach is multivariate imputation by chained equations
(MICE) [7]. Although these techniques accommodate different
data types effectively, they are computationally intensive; each
variable requires training a separate model, involving the esti-
mation of p different conditional distributions. Additionally, their
convergence and theoretical properties rely on regularity condi-
tions that may not always hold in practice.

Full generative methods

Alternatively, one can specify a parametric distribution for the
complete data X and derive samples from the posterior con-
ditional distribution f(Xm | Xo). For example, assuming that
each observation x; ~ N(u,X) for j=1,...,n, the parameters
4 and X can be estimated via the expectation—maximization
(EM) algorithm [9] (detailed in the “Estimation With Missing
Data Under a Parametric Model Framework™ section). This para-
metric formulation also underlies several imputation strategies
discussed later, including matrix completion (see the next sec-
tion) and generative approaches described in the “Learning With
Missing Data” section.

'There is a slight abuse of notation here. Rigorously, the conditional distribution is
denoted Z ~ f(|Xo).
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Application 2: Multiple Imputation of Financial Time Series

Financial data of traded assets frequently contain missing
values due to nontrading periods, lack of liquidity, data
collection gaps, or handling errors. Traditional interpola-
tion methods include last observation carried forward
(LOCF), which repeats the most recent observed price, and
linear interpolation of prices (equivalent to mean interpola-
tion of returns). While simple, these approaches fail to
capture the stochastic nature of financial data.

More principled imputation methods exploit structural
knowledge about the data. In recommender systems,
one leverages low-rank structure; in image inpainting,
local geometric similarity. For financial time series, the
key structure is temporal dependence. One approach is
to apply the MICE method [7] with reengineered lagged
variables as inputs. Alternatively, one can directly speci-
fy a time series model, such as a random walk or
autoregressive (AR) process, fit it to the observed data,
and use Bayesian inference to impute missing values
from the posterior distribution [13]. Figure S4 compares
naive interpolation methods with MICE and the model-
based ImputeFin approach, demonstrating the superior
realism of statistical imputation. When multiple assets

LOCF Interpolation

7.6-
749=
7.4-
25K
7.2-

2014 2015

(@)

2012 2013

MICE

7.6-
75-

7.4-

75

7.2-

2014 2015
(c)

2012 2013

are modeled jointly, one can further exploit cross-sec-
tional dependencies.

In applications such as portfolio optimization, back-
testing, and risk modeling, it is often desirable to gener-
ate multiple plausible imputations rather than a single
point estimate, an approach known as MI. A probabi-
listic model for the missing values naturally enables
this; one simply draws from the estimated posterior dis-
tribution as many times as needed. Figure S5 shows, in
random order, the ground-truth S&P 500 index and
three representative Mls obtained using the model-
based approach of [13], implemented in the R package
imputeFin."’

As the figures illustrate, model-based statistical imputa-
tion performs remarkably well. The underlying method
works as follows. To capture both temporal structure and
the heavy-tailed nature of financial returns, an AR model
is assumed

Xz:/—l+axkl+€r (S])

SThttps://CRAN.R-project.org/package=imputeFin

Linear Interpolation

7.6-
/255
7.4-
7.3-
7.2-

2014 2015

(b)

2012 2013

ImputeFin

7.6-

7.5-

7.4-

7.3-

7.2-

2014 2015
(d)

2012 2013

FIGURE $4. (a)—(d) A comparison of naive interpolation, MICE with reengineered lagged variables, and model-based imputation (ImputeFin) for

financial time series.

(Continued)
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Application 2: Multiple Imputation of Financial Time Series (Continued)
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FIGURE $5. (a)—(d) Mls of a financial time series. Can you distinguish the ground truth from the imputations? Interested readers may find the

answer in the “Conclusion” section.

where x. is the time series value at time 7, u is the drift,
a is the AR coefficient, and the innovations €, follow a
Student’s ¢ distribution, €, ~ (0,02 V), with scale o and
degrees of freedom v > 0 controlling tail thickness. The
parameter vector is O = (a, 1,0, V).

The key challenge is estimating O in the presence of miss-
ing values. With complefe data and Gaussian innovations,
this reduces to least squares; with Student's ¢ innovations,
the problem becomes more involved but remains tractable.
However, with missing values, MLE requires solving

Muliiple imputation methods

In single imputation methods, the entries of Z in (3) are sam-
pled only once. In contrast, multiple imputation (MI) generates
M > 1 plausible imputations for each missing value, resulting in
M complete datasets. Each dataset is analyzed independently,
and the results are pooled using standard procedures [2], [3] to
account for both within-imputation and between-imputation
variability. This approach provides a more robust and reliable
analysis compared to single imputation. Its advantages are
demonstrated through a detailed example involving financial
time series data, presented in “Application 2: Multiple Imputa-
tion of Financial Time Series.”

GAMLE:argmaxlogf(xo;e):argmaxlogfﬁf(x,lx,fl;e)abrm
0 6 =2
(52)

where x, and x. denote the observed and missing compo-
nents of the time series x. This infegral lacks a closedform
solution due fo the Student's ¢ likelihood. The method of [13]
addresses this using the stochastic approximation EM
(SAEM) algorithm with multiple Monte Carlo samples, which
will be discussed in the “Estimation With Missing Data Under
a Parametric Model Framework” section (see Table 5).

Imputation as a constrained optimization problem

In this section, we examine imputation approaches focusing on
two case studies: signals defined on graphs (graph signal re-
covery) and signals with a low-rank structure (matrix comple-
tion). Assume that we have observations with missing entries as
Y=MOX (see Figure 1). The imputed data matrix X is ob-
tained by solving a constrained optimization problem of the form”

X = argmin d(X,M) + ag(X; 6) + Ah(X) )
X

Note that (3) still applies as a general imputation framework for %. Due to the specif-
ic nature of the signals presented in this section (graphs and low-rank matrices), impu-
tation largely benefits from the tools of optimization.
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where o, A = 0 are regularization parameters. The three terms in

this objective serve distinct purposes.

m Fidelity term d(X,M): This measures the discrepancy
between the reconstructed data and the available observa-
tions. A common choice is the squared Frobenius norm of the
residual on observed entries.

dx,Mm=|Mox-xl. )

To handle outliers, one can also use the Huber-loss function
for the fidelity term, defined as

d(X,M)=2 Hs(Mi;(Yi;—Xi))) with
L]
Hs(x)= %lelxlicﬁ + <| x|8— %2>IL|X|>5
where § is a constant (slope) parameter that approximately
corresponds to the standard deviation of the inlier errors.

m Smoothness term g(X; 0): This quantifies how smoothly the
data conform to the model structure encoded by the known
parameters 6. For instance, in graph SP, this term enforces
consistency with an underlying graph model, where 6 repre-
sents the graph Laplacian or adjacency matrix.

®m Regularization term h(X): This promotes the desired proper-
ties of the solution, such as bounded energy (via the
Frobenius norm, 2 (X) = ||X |12p) or low-rank structure (via
the nuclear norm, i (X) = | X|-).

Case Study |—Craph signal recovery

Many applications involve signals defined on graphs, such as sen-
sor networks, social networks, or transportation systems. When
such signals contain missing entries, imputation can leverage the
underlying graph structure. A graph is typically represented by a
(weighted) adjacency matrix W, where the entry W;; denotes the
weight of the edge from node i to node ;.

Using the framework in (4), with the fidelity term from (5)
and @ = W, the remaining terms of (4) can be distinguished as
follows:

Smoothness: For an undirected graph with positively weighted
edges, where W = WT >0, the following definition of smooth-
ness is commonly utilized [10]:

g W) =5 3 W (X1 = (X1 ). ©)
L]

Here, | - ||, denotes the L, vector norm, typically chosen as
the L1 or Ly norm. For p =2, the term g(X;W) is quadratic
in X and is also referred to as graph Tikhonov regularization.
Several works also employ a p = 1 variant of the graph-based
smoothness, known as graph total variation, which is suitable
for edge-preserving denoising. Based on this measure, a graph
signal is smooth when the signal values at connected nodes are
similar, with the degree of similarity proportional to the weight
of the connection W; ;. For graph signals with a temporal dimen-
sion (e.g., time series on a network), one can use spatiotemporal
smoothness by replacing X in (6) with the first-order temporal
difference matrix A(X)=[x1,x2—X1,...,Xn —Xn—1]. The re-
sulting measure simultaneously enforces spatial smoothness (via

graph-domain similarities) and temporal smoothness (via finite
differences of temporal samples). For directed graphs, where W
is nonsymmetric and may have negative edge weights, a slightly
different notion of smoothness can be defined by measuring sig-
nal variations across the edges as

P

.AUEDY x.f—Wij

j=1 P

N

where | A |max (W) denotes the eigenvalue of W with the largest
magnitude in absolute value [11]. This formulation, with p =1
and p =2, gives alternative definitions for graph total variation
and Tikhonov regularization for directed graphs, respectively.
Regularization: In graph signal imputation, the regularization
term is frequently selected as the Frobenius norm A (X) = [ X[
or simply omitted by setting /(X) = 0.

Using the smoothness term g (X; W) with p =1 and a convex
function % (X), the graph signal recovery problem becomes con-
vex and can be efficiently solved using standard convex optimiza-
tion methods, such as alternating direction method of multipliers
(ADMM), proximal gradient, or majorization-minimization.

Case Study ll—Lowsank matrix completion

Low-rank matrix completion addresses the recovery of a matrix
X from partial observations ¥ = M © X under the assumption
that X has a low-rank structure. The ideal problem is

m)jn rank (X) subjectto MO X —-Y)=0. ®)

The inherent nonconvexity introduced by the rank constraint
makes the problem NP-hard and therefore intractable in general.
A standard convex relaxation replaces the rank constraint with
the nuclear norm, fitting the generic framework (4) with the fidel-
ity term given in (5) and

Smoothness: g(X;0)=0 )
Regularization: 7(X)=|X|., (10)

where || X ||« denotes the nuclear norm (sum of singular values).
The absence of an explicit smoothness penalty reflects the as-
sumption that the data matrix itself, through its low-rank struc-
ture, embodies sufficient intrinsic regularity. This formulation
is widely employed in recommender systems, sensor array pro-
cessing, and related applications in which the observations are
assumed to lie approximately in a low-dimensional subspace.

By noticing that [X|.=minuy.x-ov 12| U} +
12| V|, where U € R”*” and V € R™*" such that X =UV",
and r is the rank of X, the optimization problem in (4) can be
rewritten as follows:

min [Mo @V -v[+a(lulE+[vIE).  an

This new formulation is very close to the problem of retrieving
an underlying subspace U from the data Y in the batch setting,
i.e.,, when Y has a fixed number of observations (columns). It is
also closely connected to online subspace estimation with miss-
ing data—commonly referred to as subspace tracking (ST)—
which arises when the data matrix is constructed sequentially
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from a stream of observations (see the “Estimation With Missing

Data Under a Parametric Model Framework™ section).

To solve the optimization problem (11), classical meth-
ods rely on proximal iterative algorithms based on singular
value decomposition (SVD). In practice, the solution is usually
computed by performing a grid search over the regularization
parameter A. More specifically, a widely used algorithm, soft-
Impute [12], proceeds iteratively from an initial imputed matrix
X (e.g., obtained via mean imputation) and a fixed value of A,
alternating between the following two steps:

1) Compute the soft thresholded SVD of X ® e, compute
the SVD and retain the singular values higher than a
threshold 2, X® "2 y®§PV®T Here, SP is a diago-
nal matrix such that [S;k)] i =max((o;— A),0), where o;
are the singular values of X(k), forie{l,...,p}.

2) Update the imputed data matrix (only on the missing
values) with the quantity computed in step 1, as:
X5 =1 = Mip[(UPSP VO] + MiXiy.

Takeaway

For imputation, traditional schemes such as mean imputation pro-
vide computationally efficient baselines but underestimate vari-
ability and may introduce bias, particularly for MAR or MNAR
data and under complex dependency structures. Robust alterna-
tives include model-based techniques such as MI (e.g., MICE),
which replace missing values with samples from the conditional
distribution f(Xm | Xo). For data with specific structures, such
as graph-structured signals and low-rank data, imputation can be
formulated as a constrained optimization problem—see Table 3
for a detailed comparison of these two approaches. As a rule of
thumb, simple methods suffice when missingness is sparse (less
than 5 to 10%) and MCAR; otherwise, model-based approaches
are strongly preferred.

Estimation with missing data under a parametric

model framework

In this section, we address estimation and inference in the pres-
ence of missing data under a parametric model intended to
capture the underlying data-generating process. The primary
methodological framework is based on the construction of a
likelihood-based objective function derived from MLE, under
both ignorable and nonignorable missing-data mechanisms. This
framework can be further regularized to incorporate structural
assumptions or prior information available to the practitioner,

such as low-rank constraints, parameter restrictions, or other
domain-specific knowledge.

Statistical estimation under an ignorable mechanism

Assume that the parametric model associated with a data-gener-
ating process and the missingness mechanism for the jth sample
reads f(x;,mj;0,¢), where 6 denotes the deterministic unknown
parameter of interest (e.g., the mean vector g in R” or C?, or the
covariance matrix X, in the cone of positive semidefinite matrices),
and ¢ is the set of parameters governing the missingness mecha-
nism. Finally, x; and m; denote the jth sample and missingness
pattern (see Table 2). Under an ignorable missing-data mechanism
with multiple independent samples, the MLE is given by:

OmLE = argmaleogff(xo,j,xm,j; 0)dxm,.
0cQo

In general, this problem does not admit a closed-form solution.
An exception is the MLE of the mean and/or covariance matrix
of a multivariate normal distribution from incomplete data with
a monotone pattern under MCAR or MAR mechanisms [3], [14].
In most practical settings, MLE with incomplete data is carried
out using the EM algorithm [15] or one of its variants. The EM
algorithm is particularly well suited to missing-data problems as
it treats the unobserved entries as latent variables. At iteration k,
the E-step computes the conditional expectation of the complete-
data log-likelihood given the observed data and the previous
parameter estimate, while the M-step updates the parameters by
maximizing this conditional expectation. The procedure is ini-
tialized at k = 0 with an initial estimate 8, typically obtained
via a simple imputation scheme or one of the imputation methods
described previously. The EM algorithm then alternates between
the following two steps until convergence:

m  E-step (expectation): This step consists of computing a surro-
gate function, denoted by Q(-), which is the conditional expec-
tation of the complete-data log-likelihood conditioned on the
observed data and the previous estimate of the parameter 6.
The complete data comprise both the observed data and latent

data; in our setting, X = (Xo,Xm), which yields the following:
0(6; 0%) = Exy-fxm| xo:0%) [10g f(Xo, Xm; O)]. (12)

m M-step (maximization): This step updates the unknown
parameter by maximizing the surrogate function

6“*Y =argmax Q(0; 6%).
0eQo

(13)

Table 3. A comparison between graph signal recovery and low-rank matrix completion.

Aspect

Structural prior
Optimization problem

Graph signal recovery

Graph smoothness

Often convex with L, (Total Variation),
L. (Tikhonov) smoothness term

Vectors versus matrices Handles both vectors and matrices

Graph dependence Requires a known or learned graph
Typical algorithms Proximal/gradient methods, ADMM
Complexity driver Size of the graph, vertex domain operations (if used)

Main applications Sensor networks

Low-rank matrix completion

Low-rank sfructure

Originally nonconvex

Convex with nuclear norm

Primarily handles matrices

No graph in classical form
Softthresholded SVD, ADMM

Matrix size and rank, repeated SVDs
Image inpainting
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The EM algorithm offers several advantages, including ease
of implementation, a clear statistical interpretation without ad
hoc imputation, and general convergence guarantees. However,
when the proportion of missing information is high, convergence
can be slow. In the following, we briefly outline strategies for
implementing EM under different data distributions and present
the main EM variants.

Case Study 1—The Gaussian disfribution

Assume that the samples x;, j=1,...,n, are independent and
that x; ~ N(u, X). Under a MAR or MCAR mechanism, the
EM surrogate function reads

0(0; 0%) < nlog det(X)
=2 En = e stve 0 [ — ) X7 (e — ).
J

First, since x; contains the observed values xo_; and the missing
ones xm.j, the expectation is taken only with respect to the missing
values. Second, the term under the expectation contains the suf-
ficient statistics Xm and xm,; xm,;. Consequently, being able to
compute Exp~ftemio:0% [m ] and Eonjfienxo:0%) [Xm jXm,]
yields a closed-form expression for Q(6; 0®). In the Gaussian
setting, these expectations follow directly from the conditional
distribution xm ;| Xo,;~/N (tmio, Lmio), Where

Hmlo = Um + Xmo ):E,lo(xo,j — Ho)

and
Zmlo = Zm,m - Zm,o ):a,lozc,m

Here, u,, denotes the mean of the missing components, Xm,m
their covariance matrix, and Xm,o the cross-covariance between
missing and observed components [3].

Case Study lI—The scaled Gaussian distribution

A scaled Gaussian distribution—also called compound Gauss-
ian—is beneficial as it adjusts variance to better fit the data,
providing greater flexibility for capturing different scales [16].
This adaptability mitigates the influence of outliers, preventing
them from disproportionately influencing the model. Namely, a
vector x following a scaled Gaussian distribution admits the sto-
chastic representation x = JT “'n, where 2 denotes equality in
distribution, 7 > 0 is a random fexture variable with distribution
Sf(;yr) (unknown parameter yr), and r ~ N (u, X) is the Gauss-
ian speckle component.?

%In this sefting, 6 includes w; assuming w known may lead to model mismatch, as
illustrated in [17].

In the presence of missing values, a common trick is to apply
the chain rule formula to reduce the problem to the standard
Gaussian setting described previously. In this case, the complete
data consist of {xo,j, Xm, T} j, and the EM surrogate function is

0(6;0%) =

D Erswiix0s09) [Exms - femsizicoso®[10g f(Xm j, X0, T3 0)]].
J

The inner expectation with respect to xm,; can be derived us-
ing the same methodology as in the Gaussian case. The outer
expectation reduces to evaluating ;- frixe;:0%[7;] and
[ ~fr,1xa: 0% [T7 '], which are generally known or can be effi-
ciently approximated [18]. For example, if 7 follows a Gamma
distribution, x follows a Student’s  distribution [19].

Case Study lll—The elliptically symmetric distribution

Recently, elliptically symmetric distributions have become popu-
lar in SP [16] because they generalize the multivariate normal
distribution while preserving useful properties, such as ellipsoi-
dal contours. They provide more flexibility for modeling data
with outliers or heavy tails, with applications in finance, radar
and array processing, biomedical applications, and computa-
tional imaging. Moreover, these distributions remain mathemati-
cally tractable, enabling straightforward adaptation of statistical
methods developed for the Gaussian case and providing a robust
framework when normality assumptions are overly restrictive.
Consider a random vector x ~ ES(u, X, g) with an elliptically
symmetric distribution, where g is the so-called density genera-
tor. The associated probability density function (pdf) reads

Fx:0) = det(L) 2 g((x — i) 7 (x — ).

By choosing different functions g(-), under certain mild condi-
tions, this framework spawns a variety of specific distributions
(see Table 4 for examples). With missing values, the E-step of the
EM algorithm reduces to

0(6;0%) oc—%log det(X)
+ 3 B fan oot 0 (0= ) T2 e = o)
’ (14)

Case Study IV—EM's stochasfic variants

The expectation in (14) is not always tractable, particularly for gen-
eral forms of the density generator. When the E-step is intractable,
a solution is to use a stochastic variant of the EM algorithm. Rather

Table 4. Examples of common elliptically symmetric distributions. " (+) and K (-) denote the Gamma function and the modified Bessel function of the

second kind, respectively.

Student's ¢

Gaussian v: degree of freedom
g exp(—%) 1+ T(L52)
@em™ VmiT W)

Generalized Gaussian K-distribution
s, b: shape, and scale v: shape
_L\ Vn/z (2Vr (2v—n)/4
sexp( b )F(n/Z) WKWM(V 2vr)
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than computing the full expectation, it is approximated using ran-
dom samples, often via Monte Carlo methods, allowing efficient
parameter estimation while preserving convergence under certain
conditions. Several stochastic EM (SEM) variants have been devel-
oped for such scenarios (see Table 5). In SEM, the full E-step is re-
placed by a sample-based approximation, using one or a few draws
from the conditional distribution of the missing observations. This
approach enables handling large or complex datasets where the ex-
act expectation is impractical. Monte Carlo EM (MCEM) extends
this by employing multiple Monte Carlo samples to approximate
the E-step more accurately; sampling schemes such as Metropo-
lis—Hastings [18] or Gibbs sampling [13] can be deployed. MCEM
is particularly useful when analytical solutions are unavailable, but
sampling is feasible [20]. Finally, stochastic approximation EM
(SAEM) combines stochastic updates with a smoothing mecha-
nism. Instead of recomputing the full expectation at each iteration,
SAEM updates it incrementally according to

0(0:0“"")=0(6:0") + yi[logf(Xo.Xin': ) — 0(6:6")]

where X(mk)~f(Xm|Xo; 9(")), and 0 <yx <1 is a step-size
sequence. This stochastic approximation improves numerical
stability and convergence, even when only a small number of
samples are used per iteration [3], [16].

The preceding analysis holds under an ignorable missing-data
mechanism (cf. Definition 2 (Ignorable Missing-Data Mecha-
nism). However, inference under ignorable assumptions can be
restrictive in many practical SP applications. When the miss-
ingness mechanism is nonignorable, neglecting the dependence
between missingness and unobserved values generally results in
biased parameter estimates and invalid inference. In the follow-
ing, we focus on estimation procedures that explicitly account for
nonignorable missing-data mechanisms.

Statistical inference with nonignorable mechanism

As discussed in the “Basic Concepts of Missing Data” section,
when data are MNAR, relying solely on the observed likeli-
hood can lead to severely biased estimates. In this situation, it
is necessary to consider the joint distribution f(Xo,M;0,¢).
Two key scenarios arise, depending on whether the missing-
ness mechanism is nonignorable but known (e.g., censored data
with a known threshold due to the operating range of a sensor)
or nonignorable and unknown, in which case ¢ must be esti-
mated jointly with 6. In the following, we focus on the latter
scenario, assuming independent observations for simplicity, so

Table 5. A comparison of E-step formulations in EM variants = .

that f(X,M;0,¢)= H i,j f(Xij,Mij; ©,¢). Several models can
be employed for inference under a nonignorable mechanism, de-
pending on the parameters of interest. In the SP context, where
the marginal distribution of the data is typically the primary tar-
get, the selection model is particularly suitable. Specifically, the
selection model reads

[(Xij, Mij: 0, ) = f(Xi); 0)f(Mij| Xij: §). (15)

This formulation requires specifying both the data model
(e.g., aregression model for observed and missing outcomes) and
the missingness mechanism (e.g., a logistic or probit model for
the missingness probabilities). A common choice for the condi-
tional distribution of the missingness pattern is

F(Mij| Xijs )= (h(Xij; @)™ (1 = h(Xij; @) '~

where /() is any specific function mapping the data to the prob-
ability of missingness.

In the context of MNAR—specifically, considering the joint
distribution f(Xo,M; 6, ¢p)—the MLE is generally impractical,
and closed-form expressions for Q(6,¢;6(k),¢(k)) in the EM
algorithm are rarely available [20]. Again, stochastic variants of
the EM (see Table 5) are therefore commonly employed in this
scenario. As an example, the SEM reads
m Stochastic E-step (SE) step

0™ 0.4:0".9") =
2.2 Mij(logf(Xi: €) +logf(Mi; | Xij; $))
[

+ (1 — Mij)(logf(X1); 0) +log f(Mi; | XN; )

with X ~ f(Xi; | Mij;0©,0%).

m M-step
e<k+1>=aregTzaxZZMi,,-logf(xi,j;e)+(1—Mi,,-)1ogf(X£-fj-);e)
€ Qo i
o* U =argmax> > Milogf(Mi;| Xij; )
$eQp i

+(1—Mijlogf(Mij| Xi5: ).

We have shown that SEM variants can handle nonignor-
able missingness, delivering valid parameter estimates where
standard EM fails. Their main drawback is the computational
cost of sampling from the posterior distribution of the missing
data. Recent advances address this issue by approximating the
posterior in the E-step, cutting computational overhead while
maintaining statistical accuracy [21].

E-Step description
EM Computes the exact conditional expectation of the complete-data
log-likelihood
SEM Approximates the E-step using a single sample from the posterior
MCEM  Uses K samples to estimate the expectation in the E-step
SAEM  Uses a recursive update combining current and past estimates

Analytical equation

0(6; em) = Exnstnixaom [logf(Xo, Xm; 0)]

0(8:0%) =~ log f(X., X¥;0) where X% ~ f(Xn|X:0")
0(6:0) ~ %" log f(Xo, X5 0) where X4 ~ f(Xn| Xs;0")

0(0:0") = 0(0:0") + ¥ [log/(X., X1:0) ~ 0(6:6")]
X9~ f(Xn|X0%),  0<7y.<1
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Estimation with prior information on the parameter space

In this section, we focus on parameter estimation from incom-
plete observations by leveraging two types of prior information,
namely a statistical prior and a structural prior. Specifically, the
framework estimates the parameter 6 by minimizing a cost
function that balances data fidelity and parameter constraints

6 = argmin d(6,Xo) + AR (6), (16)
0cQo

where Qg is the parameter space. Problem (16) encompasses two
critical estimation paradigms in SP. The first uses statistical priors;
by defining the distance d(6,Xo) as the negative log-likelihood
and R(O) as the negative log-prior, the framework recovers the
EM-maximum a posteriori (EM-MAP) estimator. The second
leverages structural priors, constraining or parameterizing un-
known parameters and/or using a structural regularizer R () (e.g.,
the nuclear norm). This approach naturally extends to probabilistic
principal component analysis (PPCA) and subspace tracking, both
central for recovering dynamic low-dimensional signals.

Statistical prior

In SP applications, the statistical prior is typically modeled
through a distribution on the unknown parameter €, denoted
f(6). As an example, in radar and surveillance, the prior f(0)
can be centered on an expected angle of arrival, whereas in ar-
ray processing, a Bernoulli-Gaussian mixture distribution is
an effective choice for f(0) when the number of active sources
is small and unknown, leading to a sparse scenario [22]. In the
presence of missing data, incorporating prior information can be
efficiently achieved via the EM-MAP framework. The MAP es-
timator reads

Huar = argmax . log f f(Xojxm, | ©)dxm, + logf(6)
0€Qo
where f(0) encodes the prior information. In this case, one may
notice that the E-step remains unchanged as the expectation is taken
only with respect to the latent variables xm.;. The M-step becomes

OLiar’ = argmax Q(0;0%) + logf(6) (17)
0cQo
which corresponds to problem (16), where d(6, Xo) reduces to
the surrogate Q(-), and the regularization R(6) represents the
prior f(6) with A =1.

Due to the presence of prior information, the M-step might be
difficult to compute. In standard EM, this step involves a full joint
maximization over all parameters, which can be computationally
expensive or intractable for complex models. The Expectation
Conditional Maximization (ECM) algorithm alleviates this issue
by decomposing the M-step into a series of simpler conditional
maximizations over parameter blocks. The ECM Either (ECME)
algorithm builds upon this idea by replacing some conditional
updates with direct maximization of the observed-data log-likeli-
hood, often accelerating convergence. Lastly, the Generalized EM
algorithm relaxes the requirement of full maximization, requiring
only an increase in the surrogate function at each iteration [20].
This flexibility allows for the use of partial updates or gradient-

based methods when exact optimization is not feasible. Such vari-
ants are particularly valuable in high-dimensional, constrained, or
nonconvex settings where classical EM becomes impractical [3].

Structural prior

Many estimation algorithms can benefit from available structural
prior knowledge pertaining to the unknown statistical parameter.
This knowledge may stem from physical properties of the observed
phenomenon under study or from dependencies among variables,
which is often the case with large-scale high-dimensional data. In
the missing-data case, d(0,Xo) can be replaced by the surrogate
function Q(-) or by fitting a parametric model. Here, problem (16)
translates to a constrained optimization formulation

6 =argmin d(6, Xo) + AR(6)
0eQo

st. Qe={6=F(¢),p € R} (18)

where F(-) is a known one-to-one mapping from ¢ to 6.* To
illustrate this framework, we consider two popular applications
in SP: PPCA and ST.

Case STUd\/ |[—PPCA: Let us first consider the PPCA
formulation. In this setting, problem (18) becomes a constrained
covariance matrix estimation problem, where the covariance
matrix is assumed to be the sum of a low-rank component plus a
scaled identity matrix—matching the well-known factor model
[23]. Here, the parameter O reduces to the covariance matrix X
and ¢ = {c* R} such that
Qo={X=F(p) £ oI,+R, R>0, rank(R) <r, 6>>0)}
19)

where I, denotes the p-dimensional identity matrix, o is a strict-
ly positive scalar, and R is factored as USU", with U being a
p X r matrix and S being a r X r diagonal matrix. The solution
to (18) under the structural constraint (19) can be obtained via the
EM algorithm. At step k + 1, it is given by

i(kJr H— 6.2(k)1p +UPADT®

P
~agy 1 2®
Wlth p—r ,‘=Zr;r| !

A® = diaga - 6°®, -, 2P - 62)

where £® ELDZle/’tfk)uEk)uiT(k) AP > . > AY are the sort-
ed eigenvalues of £® and uf’, ...,u}y are the corresponding
eigenvectors contained in U®. Note that £ can be initialized
using the sample covariance matrix computed from fully ob-
served samples x; in the data matrix X.

Structure (19), together with the constrained optimization
problem (18), arises in several SP applications. For example, in
radar processing, the observations matrix X is often incom-

plete due to transmission-reception or sensor failures. In this

“In an alternative formulation, the unknown parameter o can be reparameterized such
that 6 = F(¢), subject to ¢ =argmingcz d(F (), Xo) + AR(F ().
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case, S represents the diagonal source covariance matrix to be
estimated, U the array manifold matrix, and o2 the thermal
power of the noise. Model (19) also supports adaptive beamform-
ing with monotone missing values in X, where the covariance
matrix must be estimated from incoming data to construct an
adaptive beamformer (see [24] for alternative structured covari-
ance models in radar processing applications). In image analysis,
structure (19) has been used in [25] for covariance-based cluster-
ing of hyperspectral images under a scaled-Gaussian distribu-
tion. In this setting, the data consist of 7 pixels observed across p
bands and may be incomplete due to dead or saturated pixels and
band dropout, resulting in general missingness patterns.

Case STUd\/ |l—ST: We now extend PPCA in the streaming
scenario through robust ST (RST), which adaptively estimates a
time-varying signal subspace [26]. RST concerns a wide range of
applications involving high-dimensional data and dynamic
systems, such as adaptive filtering, direction-of-arrival estimation,
and blind source separation, among others. In the past 15 years,
many techniques have flourished to adapt RST to missing data.
Specifically, in scenarios where the data exhibit redundancy—so
that high-dimensional observations lie near a low-dimensional
subspace—incomplete data become particularly valuable as they
may still contain sufficient information for recovery [27], [28]. In
this context, the unknown signal at time 7, x, € R”, is assumed to
belong to an unknown low-dimensional subspace U € R”*”
(r< p), ie, x;=Uw;, where w; is an unknown weight vector.
Many of the ST algorithms seek to optimize a recursively time-
variant updated loss function F;(-), e.g., the squared projection
loss onto the subspace

F(U)= o Fr1(U) + B mi© (v, — Uw)) 5. (20)

Here, y.=m,Ox; is the observed vector, m; is the associated
missing-data pattern, o, and B; control the tradeoff between
convergence rate and tracking adaptability to subspace changes,
and U is typically updated using the previous estimate. Estimat-
ing U amounts to solving

U;=argmin F;(U) + pg(U) (21)
U

which is a specific case of (16), where g(U) is an optional regu-
larization function on U (e.g., a sparsity-promoting function
in the presence of outliers [26]), and p controls the regulariza-
tion level. One way to solve (20) and (21) is parallel estimation
and tracking by recursive least squares (PETRELS). This ap-
proach is a second-order recursive least-squares algorithm [29]
that employs second-order stochastic gradient descent (SGD)
on the cost function. At each time ¢, the weight vector w; and
subspace U, are alternately estimated by minimizing the pro-
jection residual on the previous subspace estimate U;-1, where
Uy is a random subspace initialization. A probabilistic formu-
lation of problem (21) has also been proposed in [30], which
requires some assumptions on the data distribution. In this set-
ting, U, and w, are estimated by maximizing the observed
log-likelihood using a stochastic alternating EM approach. See

“Application 3: Graph Learning for Spatiotemporal Signals
with Missing Values” for more details about graph learning.

Takeaway

In the context of parameter estimation, likelihood-based
frameworks, including EM and its stochastic variants (SEM,
MCEM, and SAEM), are well suited for structured problems
such as covariance matrix estimation, ST, or graph learning.
These methods provide rigorous uncertainty quantification and
explicitly account for the missingness mechanism but may en-
counter scalability challenges in high-dimensional regimes. Be-
yond these scalability limitations, utilizing the EM algorithm
requires specific expertise in statistical modeling, and the need
to tailor each EM variant to the specific application limits the
feasibility of having a general unified software package. To
overcome these issues, researchers are increasingly resorting to
deep learning-based models for handling missing data, offering
greater scalability and a more unified treatment across applica-
tion domains.

Learning with missing data

This section highlights modern learning strategies for handling
missing data, a domain still underexplored in SP applications. We
encourage SP practitioners to adopt these advanced tools, either
by tailoring them to their applications or by directly incorporat-
ing them into their methodologies.

A central question in learning with incomplete data concerns
the intended downstream application, which fundamentally
shapes the choice of modeling strategy. In this section, we classi-
fy these applications into two broad categories: imputation, often
coupled with an underlying inference problem, and prediction.
These tasks give rise to two major modeling paradigms: genera-
tive and discriminative approaches. We first discuss the imputa-
tion task, which typically relies on generative models that aim
to learn the full data distribution f(X). We then turn to predic-
tion, which is more closely aligned with discriminative methods
targeting, in some cases, the conditional distribution f(y | Xo),
where y is the target variable,’ thereby avoiding the need to
explicitly model f(X).

Generative approaches for imputation

This section introduces the main families of deep learning-based
imputation methods. We first present variational approaches, in-
cluding variational autoencoder (VAE) and importance-weight-
ed autoencoder (IWAE)-based models, which treat missingness
through latent-variable modeling and reconstruct unobserved
values by optimizing lower bounds on the incomplete-data likeli-
hood. We then describe adversarial methods, such as generative
adversarial networks (GANGs), which formulate imputation as an
adversarial game to produce realistic replacements for missing
entries. Finally, we discuss optimal transport (OT)-based ap-
proaches, which view imputation as learning a mapping from
incomplete to complete samples by minimizing a transport cost.

Note that in this section, y does not represent a column of ¥ =M © X, as introduced
in the “Basic Concepts of Missing Data” section.
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Application 3: Graph Learning for Spatiotemporal Signals with Missing Values

We earlier discussed graph signals and their numerous
applications. The primary step in graph SP is to identify a
graphical model that best captures the similarities or
dependencies in the signal. This process is referred to as
graph learning, for which there are various approaches,
broadly classified into undirected and directed methods.
An undirected graph models bilateral relationships, while
a directed graph is used to represent unilateral dependen-
cies. let X denote the graph signal matrix, and let 6 be
the parameters of the underlying graph model [S1], consid-
ered as random variables with prior (). The MAP for-
mulation for estimating O given the data yields the
following:

0...»=argmax log f(6|X)=argmin —log /(X |©)—log f(6).
€Qo 0cQo (53)

This formulation is specified in Table S1 for two standard
graph learning frameworks: the Gaussian Markov random
field (GMRF) model [S2] for undirected graphs and the
vector AR (VAR) model [S3] for directed graphs.

The graph learning framework based on (S3) assumes
complete data statistics, while in practice, observations
often contain missing values due to various factors, such
as sensor failures or measurement errors. One may con-
sider the missing signal samples as latent variables and
use EM for the estimation of the unknown graph parame-
ters. This approach, however, only infers the graph struc-
ture, requiring additional processing for the imputation of
missing values.

An alternative approach is to simultaneously estimate the
missing values and the graph parameters, enabling joint
graph learning and signal imputation while reducing com-
putational complexity. let X =[x,,...,x,] € R”" represent
the complete (ground+ruth) data matrix. Consider the case
where the observed data contain missing values and noise.
Replacing the missing values with O, the observation matrix
can be modeled as Y=M O (X +N), where M € {0,1}""
is the missing-data pattern, and N € R represents the
measurement noise. Assuming that the missing-data mecha-

Table S1. Two standard models for undirected and directed graph learning.

nism is MCAR, the MAP estimation of the graph parameters
O (see Table ST for their definition) and the complete data
matrix X given Y and M is formulated as

0,10, Xuir = argmax log (6, X | M, Y),

0cQo. X
= argmin — logf(Y | X, M) — logf(X | 0) — log ().
CISOr®¢ (54)

Classical methods for graph learning, however, only cap-
ture either spatial correlations through an undirected graph
structure (GMRF model) or temporal dependencies via a
directed graph topology (VAR model). For spatiotemporal
signals (i.e., networked time series data), both spatial and
temporal dependencies are crucial. Recent approaches
like [S4] have therefore introduced a multirelational graph
model comprising both undirected and directed structures
to simultaneously represent spatial and temporal depen-
dencies. This model is described by the following:

x, =Ax._ t+€, f(€|L)cx \/det’Lexp(—%GfLG,). (S5)
Here, x. and €. are the signal and the innovations at
time 1, respectively; A represents the adjacency matrix of
a directed graph capturing temporal dependencies, and
L denotes the Laplacian matrix of an undirected graph
encoding spatial correlations. The parameters of this
model are @ = (A4, L).

The spatiotemporal signal recovery and graph learning
(STSRGL) method in [S4] (code available at https://github.
com/javaheriamirhossein/STSRGL) solves problem (S4) for
joint inference of this spatiotemporal model.

In Figure S6, we compare the STSRGL method with base-
line algorithms for
* spatial graph learning: the combinatorial graph learn-

ing (CGL) [S2] method
e temporal graph inference: the joint inference of signals
and graphs (JISG) [S3] method.

The evaluation uses spatiotemporal data defined over a
10x10 grid graph (p=100), featuring 50% missing

Graph type Model
Undirected GMRF

£, L) o< Yder L exp(—x"TLx’)
Directed Vector auto-regressive

x, =Ax,,+€,€,~N(0,0:)

Parameters O
L (Laplacian matrix)
LeS,,L;:<0,L1=0

A (adjacency matrix)
AR

—log f(X |0)—1og f(6) (up to scale)

n T
tr(LZ x/,,.lxj )_ IOgdet‘L + O{” L ||I.0M
j=1

2llx—ax [F+afal,

(Continued)
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Application 3: Graph Learning for Spatiotemporal Signals with Missing Values (Continued)
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FIGURE S6. A visualization of (a) |L.;|(i # ) and (b) |A.,| learned from data with noisy and missing observations. (a) The ground-truth (left), the
CGL (middle), and the STSRGL (right) spatial graphs. (b) The ground-truth (left), the JISG (middle), and the STSRGL (right) temporal graphs.

values and additive Gaussian noise (02=0.01). As
shown in the figures, the STSRGL more accurately identi-
fies both the nonzero support (connections) and the entries
(edge weights) of the graph matrices compared to meth-

ods that learn only spatial or temporal graphs.
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where Xm are the imputed values, I¢(-) is the imputation algo-
rithm (i.e., the estimator) indexed by learnable parameters ¢, and
D (+) is a specific divergence or discrepancy measure.

VAEs for imputation

Several methods employ deep latent variable models to estimate
the distribution f(x) = | f(x|z)f(z)dz through a variational
bound on the observed log-likelihood, which is typically intrac-
table. Here, z is a latent variable following a prior distribution
f(). In VAE-based schemes for missing data, a conditional vari-
ational distribution over z is introduced as a learnable proposal
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distribution [35], [36], [37], [38], [39]. In this perspective, mini-
mizing the discrepancy Di(+) in (22) reduces to minimizing the
Kullback-Leibler (KL) divergence between the true posterior
distribution and the variational distribution. Specifically, by de-
noting the variational learnable distribution by 7(-), the missing
VAE bound (MVAE), also called evidence lower bound, under
MAR and MCAR scenarios, reads

f@ilxos7)

’ f(z,~|xo¢j;9))
j=1
(23)

Lmvae(0,7)= . E1j~f(z\xo4:Y)[log
j=1

=1?(Xo;9)—KL<H f@ilxos7)
j=1

where ¢(Xo; 0) =ZX- logf(xo.; ) denotes the observed log-
likelihood. LmvaEe (0, y) is obtained from a generative model
that defines a stochastic mapping, parameterized by 6, from a
latent variable z; to each column x; of the data matrix X, to-
gether with a variational distribution f(z; | xo; ¥) targeting the
intractable f(z; | xo.j; 6)

2j~f@j|x0jy) and x;~ f(xj|zj;0). 24)

The parameters y and O are estimated via deep neural networks,
commonly referred to as the encoder and decoder, respectively.
Once y and O are learned, several imputation scenarios can
be considered as a particular case of (22). As an example, us-
ing model (24), the operator /4,7(Xo,M) can be instantiated by
first sampling z; ~ f(z; | X0 7) and then generating imputa-
tions from x; ~ f(x; | z;; ).

Deep generative modeling by IWAE

The MVAE framework was extended in [36], where the authors
introduce the missing IWAE (MIWAE) to obtain a tighter varia-
tional bound to impute MCAR or MAR values. Again, the gen-
erative model is described by the stochastic mapping

~F@ilxon ) = Nt o, By wop) o
and x;~ f(x;|zj;0)= N(uo(z)). Lo(z))).
In practice, both the conditional and variational distribu-
tions are typically modeled as Gaussian (here restricted to
continuous data for simplicity), with parameters y and 6
learned via deep neural networks, as in MVAE. However,
unlike MVAE, MIWAE maximizes the tighter importance-
weighted bound

L¥wag (0, ¥; Xo,) =

Z fxos1250)f )] (26)

Z Ez .20~ fzjivosp | log =
K 1@ | x0s0y)

j=1 c=1

where K € N* is the number of draws. This bound satisfies
Liiwae(0,7) < ((Xo; 0). Note that f(xo,|z"; ©) is obtained
by marginalizing the conditional joint distribution f(x;|z;; 6)
in (25). Notably, MIWAE reduces to MVAE when K = 1, ie.,

Liiwae = Lmvae. The lower bound is then optimized using
stochastic gradient-based algorithms. The imputation step can be
performed either by sampling from the conditional distribution
of the missing variables given the observed ones or, for a single
imputation, by computing the conditional expectation

E[xm;|xo);0]=

ff m]f(z’|x°”e)f(xm,_,-|xo,_,»,zj;9)}(zj|xo,_,-;y)dz_,-dxm,,~.
f@ilxo5y) @7

Since the encoder f(zj|Xo,;y) is a variational distribu-
tion, [E[xm, |xo0, ;0] can be approximated using a Monte
Carlo technique called self-normalized importance sampling
[40, Section 9.2]

Xmj= ZWLxﬁn)/, where (28)

c=1
_ I'e
=t
Z re
_ ftxo,125;0)fGY)
f@f %05 p)
(xETLl)/’ (C))”df(xm Jlxo /,ZJ,G)f(z,|Xo BV (29)

c

The limitation of MIWAE is that it is adapted only for the MAR
and MCAR scenarios and fails when the mechanism is non-
ignorable. Recent extensions, called not-MIWAE and AV-LR,
adapt the MIWAE framework to MNAR data [37], [39]. Since
the missing-data mechanism is nonignorable, we cannot rely
solely on the observed-data likelihood f(xo.;; ©). Concretely,
the main change occurs in the variational lower bound (26); the
joint distribution (the numerator of the terms in the sum) now
involves the missing-data mechanism f(xo,,m;,z;;0,¢)=
fmj|xoj,xmj;)f(x0i]12;0)f(z;). While MVAE/MIWAE
requires sampling only the latent variable z, not-MIWAE re-
quires sampling both z and the missing entries xm using the
same distribution as in (29).

GAN for Imputation

While MIWAE tackles imputation by explicitly approximating
the data distribution via the evidence lower bound, GANs offer
an alternative paradigm based on implicit modeling [41]. Let us
describe GAN for Imputation (GAIN), an architecture dedicated
to imputation [42].

Without missing data, a generator (G) tries to create realistic
data from random noise to fool a discriminator (D), while D tries
to distinguish between real data and fake data. Both G and D are
fully connected neural nets. In the missing-data setting, only an
incomplete dataset is available. Therefore, GAIN is defined such
that G observes the real components of the data and attempts to
impute the missing components. On the other hand, D attempts
to determine which components of a completed vector were
actually observed and which were imputed by G. Specifically,
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G takes the observed part of the data Xo and the missingness
mechanism M as input. Its output reads

Xj=1=m)OGxoj,mj)+m;Ox; (30)
where 1, is a vector of n components equal to one.

The final imputed vector, X}, is constructed by keeping the
originally observed values and replacing the missing ones with
the generator’s output. The discriminator D then receives the
completed vector X ;. The main difference between the original
GAN and GAIN is that the output is a single scalar (indicating
real or fake status in GAN), whereas the GAIN discriminator
outputs a probability vector of the same dimension as the data
(i.e., [D(x;)]: represents the probability that the ith element was
observed rather than imputed). In addition to the generator and
discriminator, the authors of [42] introduced a hint variable, H.
Its primary role is to regulate the amount of knowledge avail-
able to D regarding the missingness pattern M. The authors
theoretically establish that this control is critical; without provid-
ing D with sufficient hint information, or if H were omitted, the
adversarial game would allow G to learn multiple distributions
that are all optimal with respect to D. Specifically, the hint vari-
able H is defined as a random matrix of dimension p X n, as a
function of M, and taking values in a space . The authors set
H = {0,0.5,1} and define

M;; if B;j= 1,

vietl,..., 0.5 otherwise.

pyand je {1,...,n}, Hij :{

The matrix B is constructed such that B;; =1 if i # k and
Bi; = 0 otherwise, where the index k is sampled uniformly at
random from {1,..., p}. This implies that, for each sample, H
reveals all but one of the components of M to D.

Training is formulated as a minimax game involving two loss
functions, which can be directly expressed within the general
framework (22). Specifically, both G and D are trained simulta-
neously through the following adversarial optimization problem:

max mln—z ZM,,logM”+(1
i=1j=1

Mijlog(1 —M.))

where M;; = D(X:,, H:;). The discriminator aims to accurately
recover the missing-data pattern by minimizing the cross-entropy
loss, while the generator maximizes this loss by producing impu-
tations that are indistinguishable from observed values, challeng-
ing the discriminator. After training, the generator is applied to
incomplete data with added noise to impute missing values.

or

While VAEs focus on maximizing conditional likelihood and
GANSs on learning via discrimination, methods based on OT
adopt a fundamentally different approach. They aim to find
the most efficient transformation to align the distribution of the
imputed data with the distribution of the observed data. OT is
a mathematical framework used to calculate the most efficient
way to transform one distribution of mass into another, and the

Wasserstein distance represents the minimum amount of effort
required for this move. If one wants to move from distribution
M to distribution v, the squared Wasserstein distance reads [43]

Wiuv) = inf %= %c[fan& 0 @D

where I1(u,v) represents the set of all joint probablllty measures
(transport plans) with marginals 4 and v, and X; and Xk rep-
resent two batches extracted from the imputed matrix X. The
set of indexes L and K is sampled randomly from {1,...,n},
such that LNK=@ and |L|=|K|<n (for example, if
L=1{1,2,3}, X, contains the three first samples of X’, that is
X.= [x1, x2, x3]). The Wasserstein distance is, nevertheless,
computationally expensive and not everywhere differentiable,
limiting its use in gradient-based optimization. To address this,
[43] introduce the entropically regularized OT cost

OTe(u,v) = inf [ 1% = Xk [pdr Ko, Xx) - eH ()

e(u.v)
where H(7) is the entropy of the transport plan. Although this
regularization ensures differentiability, it introduces bias. The
Sinkhorn divergence

85 (;u’ V)

OTe(u,v) — OTe(# u) =

OTE w,v)
corrects this bias while retaining differentiability. Minimizing Se
ensures convergence to the target distribution in the limit. Spe-
cifically, the algorithm initializes missing entries with the mean
of observed values plus a small random perturbation to preserve
marginals. At each iteration, batches X; and Xx are sampled
randomly from X, and their Sinkhorn divergence is minimized
to obtain Se(u”, v"). Missing values are then updated via gradi-
ent descent by computing the gradient of the Sinkhorn divergence
with respect to the imputed values, i.e., Vx,Se(u", v*). The im-
putation step is simply movmg the mlssmg values in the opposite
direction of the gradient, i.e., Xiok = Xiok — NV xnSe(”, V"),
where 7 is the learning rate. Essentially, this step moves the miss-
ing points in batch X, toward the distribution of batch Xx and
vice versa. The underlying assumption is that arbitrary subsets of
the data share the same distribution, thereby excluding MNAR
settings. This procedure is repeated until convergence.

Cenerative approaches—Takeaway

Deep learning has recently emerged as a powerful framework
for addressing complex missing-data problems. Unlike tradi-
tional methods, deep models capture nonlinear dependencies
and complex structures, making them particularly effective for
high-dimensional or heterogeneous datasets. MVAE provides
a principled generative approach, yielding coherent joint im-
putations, but it can be computationally intensive and sensitive
to model design. MIWAE enhances VAE-based imputations
through importance weighting, improving likelihood estimates
and producing sharper reconstructions, while its extension,
not-MIWAE, efficiently handles MNAR scenarios. In con-
trast, GAIN offers flexible, realistic imputations with minimal
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assumptions, though its architecture requires careful tuning and
is generally applicable only under MCAR. OT-based strategies
provide geometric interpretability without strong parametric
assumptions, but they can be computationally demanding and,
like GAIN, are not suited for MNAR data. Overall, selecting
among these approaches should consider data dimensionality,
the assumed missingness mechanism, and available computa-
tional resources.

Label prediction with missing data

When the objective is to predict a target value ynew (€.g., a label)

from a vector of new observations Xnew, Several scenarios must

be distinguished, depending on whether missing values occur in
the training set Xain, in the new observations Xnew, or in both.

The target values in the training set, denoted as yuain, are as-

sumed to be fully observed.® The appropriate methodology de-

pends on the specific configuration.

B Only Xuain contains missing values: Missingness may occur
exclusively in the training set. For instance, consider histori-
cal records from a sensor network measuring seismic vari-
ables. Some entries in the training set X.in may be missing
due to sensor malfunction, temporary outages, or data cor-
ruption. By contrast, the new observation Xnew iS complete
owing to more recent and reliable monitoring systems. In
this setting, the objective is to learn the conditional relation-
ship f(y| X).

B Both Xuuin and Xnew contain missing values: When missing
values occur in both the training set and the new observa-
tions, the challenge is to make predictions in the presence of
incomplete data at both stages. In this context, the objective
shifts to estimating the conditional distribution f(y|Xo), and
it is not necessary to model the full distribution f(X).

We now examine these two scenarios in detail, outlining the

methodological approaches available for handling missing val-

ues in each setting.

Predict when only X, is incomplete
When missing values occur only in Xiain, tWo main strategies
can be considered. The first consists of applying an imputa-
tion procedure, lcomp(Xiwain, Yurain), to obtain a fully imputed
training dataset. This can be, for example, one of the model-
based approaches discussed in the “Imputation” section. A
standard prediction algorithm is then fitted to this completed
dataset. Importantly, the imputation model should incorporate
information from the target variable yuain. Including the target
variable in the imputation step helps preserve the dependence
structure between Xain and yuwain and can capture any rela-
tionship between the missing-data mechanism and the target
variable [7].

The second strategy consists of directly estimating a parame-
ter vector 8 € R” in a model relating y and X despite the pres-

®Situations in which yuuin is partially or entirely missing can instead be framed within unsupervised
or semisupervised learning paradigms and are therefore beyond the scope of this tutorial. Relatively
few studies address the unsupervised setting when the dataset X contains missing values. As an
entry point using the tools presented here, we refer the reader to [44], which employs the EM algo-
rithm to accommodate missing data. The semisupervised setting has only rarely been studied from a
missing-data perspective; readers interested in this connection may consult [45] and [46].

ence of missing values. For example, in the linear setting, the
model can be written as y = X' B + €, where € € R” denotes a
noise term. Once B has been estimated from the training set, it
can be used to predict ynew = xIewﬁ. In this framework, param-
eter estimation in the presence of missing data can be carried
out using learning algorithms specifically adapted to incomplete
data, such as EM-algorithms (see the “Estimation With Missing
Data Under a Parametric Model Framework™ section). Alterna-
tively, one may adopt a simpler approach based on naive impu-
tation, followed by bias correction. More specifically, if there
is one target value prediction algorithm designed for complete
data, called algorithm A, the steps to account for missing data
are the following.

1) Apply a simple imputation method Isimp(-), such as con-
stant imputation, to construct a completed training set
Isimp (Xtrain)-

2) Algorithm A is subsequently modified to account for the bias
induced by the imputation step. This debiased version of A is
then fitted to the imputed dataset simp (X rain)-

This strategy has primarily been investigated in the context of
linear regression with missing covariates [47], [48], that is, under
the assumption that E[y|X]= h(X), where h(-) is a linear
function. A representative example of this strategy is provided
in [48], which considers ridge regression and adapts the SGD
algorithm to accommodate MCAR values in Xinin. The objec-
tive is to estimate the regression parameter B in the linear model
yji= x,Tﬁ + €, where €; € R is a noise term, by minimizing
the risk R(B) = E [(x,T B — y)*/2]. Without missing values, the
SGD update at iteration kis given by g© = BEY —n g (BETY),
where 7 is the learning rate, and g (8% is an unbiased gradi-
ent estimate of the risk, satisfying [ [gx (B = VR(B D).
Specifically

(B =xi(xf BV — i) (32)

where x; and yx denote the kth sample (i.e., the kth column of
X) and its corresponding target value. When covariates contain
missing values, a simple approach consists of imputing them with
zero, yielding the completed data matrix M © X. However, this
naive imputation introduces bias. To correct for it, a debiased gra-
dient estimator is constructed. The resulting update direction at
iteration k becomes

G ) = 1 i Ox0( 1 (miOx) BV~ i)

— lp_z” diag((mi O x1) (mx Ox)")B " (33)

where p denotes the probability for a value of being observed.
This correction relies on the fact that, under the MCAR assump-
tion, each entry of M follows a Bernoulli distribution with pa-
rameter p, so that [ a[m © xi] = pxr. Consequently, to debias
the term involving x in the original gradient expression (32), the
quantity (1/p)(mx © xy) is used in place of mi O xx in (33). In
this way, the procedure explicitly accounts for the zero-imputa-
tion step applied to the missing entries.
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Predict when X, and x,,, are incomplete

When missing values occur in both the training data and new
observations, two main strategies can be employed [31]: 1) use a
learning algorithm that directly handles missing data or 2) adopt
a two-step approach; first impute the missing values to obtain a
complete dataset, then train a predictive model on the imputed
data. A crucial assumption underlying these strategies is that both
the training set and test sets share not only the same data distribu-
tion but also the same distribution for missing data. For instance,
if missingness is MCAR in the training set, it is assumed to be
MCAR in the test set as well.

Onestep sfrategy

This approach often refers to the Missing Incorporated in Attri-
butes (MIA) method for handling missing values in tree-based
algorithms [32]. In a standard decision tree, each node selects the
splitting variable and threshold that minimize the error. When
a variable contains missing values, MIA treats missingness as
informative; for each candidate split, it determines not only the
threshold but also the optimal direction (left or right) for routing
missing values (see Figure 3(a)). This enables the tree to learn
how to handle missing data during training, without requiring
imputation or discarding observations. By integrating missing-
ness directly into the tree, it can exploit patterns where the pres-
ence or absence of a value conveys information, making it well
suited for MNAR scenarios.

Tworstep sfrategy

The two-step strategy, or impute-then-regress approach, involves

two distinct phases, imputation followed by prediction, as follows:

1) The training set Xuain is imputed using a simple method
inp ) A

2) A predictive model d is trained on the imputed dataset
(Isimp (Xlrain), ytrain)-

3) The new observations xnew are predicted using the
model from step (ii), i.€., Ynew = d (Isimp (X new))-
Itis essential to utilize the same impu-

tation procedure for both training and

new data [31]. For example, if Zsimp(-)

as additional input variables when training the predictive
model El, i.e., by concatenating the observed data matrix with
the corresponding missing-data pattern (see Figure 3(a)).
Intuitively, this reflects situations where the missing value
itself carries predictive information. For instance, if sen-
sor readings are frequently missing during extreme weather
(e.g., sensor dropout during storms) and the objective is to
forecast weather anomalies, this missingness can itself be
exploited as informative signal [31], [33]. Overall, the choice
of the imputation method becomes less critical when the pre-
dictor is sufficiently expressive and the missing-data pattern
is included [34].

label prediction—Takeaway

When the objective is to predict target values (labels), iden-
tifying which dataset contains missing values becomes
crucial. If only the training set Xuan iS incomplete, miss-
ing data must be addressed carefully. This can be achieved
either by applying advanced imputation techniques to ob-
tain a complete dataset or by employing methods that es-
timate the relationship between y and X directly from the
incomplete training set before applying the learned model
to the test set. A simple approach consists of imputing
the missing values naively and then adapting the predic-
tion procedure to account for the imputation error. When
both Ximin and xnew contain missing values, imputation be-
comes less critical. In this case, the goal is to learn a model
that predicts y from the observed components X, of X,
acknowledging that future observations (xnew) Will also be
incomplete. One possible strategy is to impute missing val-
ues in both the training and test sets using the same imputa-
tion model and then apply a standard learning algorithm to
the resulting completed data. Finally, note that this tutorial
does not address scenarios involving distributional shifts
between training and test sets as they introduce additional
challenges beyond its scope.

is mean imputation, the mean of each Xiraino M (if included) Xoewo
variable i is computed from the training o0l25l30] 11011,

ol i issi root
set [Xlr.am] ;. and used to impute missing - ~ 141012 1110
vglues in both [X train] i and [Xne.w]i .((5'3e X;; > threshold X, ;> threshold 6lal2 1.0 1.
Figure 3(b)). This requirement highlights or X, is missing IR s R
the need for an out-of-sample imputation ron Y twain Test
method. Simple imputation techniques

. p P d X, <threshold X; > threshold n
combined with a powerful learner at g A .
) or X, ; is missing Train

step 2, such as random forests, is often
sufficient. More precisely, if the learn- (@) (b)

ing algorithm d is universally consistent
when trained on complete data, it remains
consistent under the impute-then-regress
framework [31], even when simple impu-
tation procedures are employed.

It is also commonly recommended

to include the missing-data pattern M [x...], in the test set.

FIGURE 3. () An illustration of a split in the MIA method. The algorithm chooses the splitting variable
[X].., the threshold and the optimal direction to send missing values, the left or right side, repre-
sented by the graphs above. (b) The two-step strategy, when both X... and x... have missing
entries. Xi.ino and x... denote the observed part of X... and x..., respectively. The gray cases are
missing values, and the blue entries are imputed values. For example, the variable [X...].. has been
imputed by its mean, that is, 25. The same imputation model is applied for imputing the first variable
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Condusion and perspectives
This tutorial has provided a comprehensive treatment and
unifying perspective of modern approaches organized around
three core tasks—imputation, estimation, and learning—
bridging classical statistical frameworks with contemporary
algorithmic innovations.
Key insights. Throughout this tutorial, we have emphasized
modern challenges where new methods and algorithms handling
missing data have flourished. Effective handling of missing data
requires a paradigm shift from simple and generic imputation to
context-aware and model-based strategies that explicitly integrate
domain-specific signal characteristics:

1) robustness to irregular and heterogeneous data through
elliptically symmetric distributions and regularized optimi-
zation that maintain performance despite outliers and
heavy tails

2) exploitation of low-dimensional structure via nuclear norm
minimization, probabilistic PCA, and graph-regularized
recovery, enabling both accurate imputation and computa-
tional efficiency in high dimensions.

Recent deep-learning approaches—notably VAEs—extend this

further, offering greater flexibility for complex scenarios, includ-

ing MNAR data, provided that prediction strategies are adapted
to the specific missingness mechanism at hand.

Takeaway for practitioners. When tackling missing data
in SP or ML, the adopted approach should align with both the
nature of the data (data matrix, graph signal, or time series) and
the analytical objective, whether it is imputation, parameter esti-
mation, or predictive modeling (see each section’s “Takeaway”).
A good start is to characterize the quantity of missing data and
the missingness mechanism as both fundamentally influence
method selection. Specifically, determine whether the miss-
ingness is MCAR, MAR, or MNAR. Each mechanism carries
distinct assumptions with direct implications for the validity of
downstream analyses.

Once the analytical objective is chosen, key tradeoffs must be
considered when selecting the appropriate methods. For imputa-
tion, model-based and deep learning methods offer robustness
and flexibility for nonignorable mechanisms but often require
greater computational resources and larger training datasets. For
parameter estimation, likelihood-based procedures are well suit-
ed for structured problems, such as covariance estimation, ST, or
graph learning, delivering rigorous uncertainty quantification and
robust handling of missing data. However, they often face scal-
ability issues in high dimensions. For prediction tasks, missing
values in the training set require careful handling, either through
principled model-based imputation or by explicitly modeling the
link between predictors and response under missingness. When
both training sets and test sets contain missing values, a simple
imputation strategy combined with a strong prediction algorithm
usually suffices. For the curious reader, the ground-truth S&P
500 index in Figure S5 corresponds to the first subplot—a testa-
ment to the quality of model-based MI.

Future directions. Numerous promising research directions,
tied to the methods discussed in this tutorial, remain open. Struc-
ture-aware approaches should explore doubly robust algorithms

that maintain validity under model misspecification and incorpo-
rate MNAR relationships grounded in domain-specific physical
models. Graph-based methods require unified frameworks for
MNAR graph learning, scaling to massive streaming networks,
and handling heterogeneous graphs with mixed node types.
Uncertainty quantification demands principled frameworks—
leveraging self-supervised and semisupervised settings, modeling
input uncertainty from conflicting sensors, and adapting confor-
mal prediction to missing data—frameworks that are essential
for high-stakes applications. Finally, computational scalability of
deep generative models and SEM variants when applied to incom-
plete high-dimensional streaming data and large-scale multimod-
al data remains a critical and largely unsolved practical challenge.
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