276

IEEE TRANSACTIONS ON SIGNAL PROCESSING, VOL. 74, 2026

An Efficient and Unified Framework for Downlink
Linear Precoding with QoS Constraints

Ruiding Hou
Rui Zhou

Abstract—Precoding techniques, particularly linear precoding,
are widely employed in multiple-input multiple-output (MIMO)
systems. Although well-studied in the literature, linear precoding
design still faces two fundamental challenges: high computational
complexity and the lack of a general design approach. This
paper presents an efficient and unified framework for linear
precoding design in downlink multiuser systems that accom-
modates diverse criteria, such as weighted sum rate (WSR)
maximization and weighted symbol error rate (WSER) mini-
mization, while ensuring quality of service (QoS) requirements.
The proposed framework achieves an order-of-magnitude re-
duction in per-iteration computational complexity compared to
existing methods. In particular, by accurately characterizing the
feasible signal-to-interference-plus-noise ratio (SINR) region, we
transform the high-dimensional precoding design problem into
a more manageable, low-dimensional SINR allocation problem.
We propose an efficient SINR-based precoding (SBP) framework
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that employs a water-filling solution at each iteration, with-
out the need for matrix inversion. The proposed framework
can be extended to broadcast and interference channels with
multi-antenna users under pre-fixed receivers. Simulation results
demonstrate that our method achieves near-optimal performance
while significantly reducing computational complexity compared
to existing methods, such as the weighted minimum mean square
error (WMMSE) method.

Index Terms—Downlink linear precoding, QoS requirements,
SINR-based precoding, efficient algorithms.

I. INTRODUCTION

ULTIPLE-INPUT multiple-output (MIMO) transmis-

sion is a key enabler for the current 5G and future
6G mobile systems [1], where precoding technologies are em-
ployed to improve data rates and maintain quality of service
(QoS) [2]. Linear precoding, by linearly pre-processing the
transmitted signal according to the channel state information
(CSI), can effectively suppress inter-user interference [3] and
has attracted significant attention in practical systems due to its
low implementation complexity [4].

Linear precoding is typically customized by a range of spe-
cific criteria, such as maximizing the weighted sum rate (WSR)
[51, [6], [7], [8], [9], [10], [11], [12], reducing the weighted
mean square error (WMSE) [13], [14], [15], or minimizing the
weighted symbol error rate (WSER) [16], [17], yielding dif-
ferent optimization problems. Among various linear precoding
design problems, only two are globally solved, i.e., minimiz-
ing transmit power under QoS requirements [2], [18], [19],
and maximizing the worst signal-to-interference-plus-noise ra-
tio (SINR) [2], [20], which can be transformed into a con-
vex problem. In most cases, unfortunately, linear precoding
problems are non-convex and even NP-hard [21]. Therefore,
instead of searching for the globally optimal solution with
prohibitive complexity, efficient algorithms that can provide
locally optimal or satisfactory performance with low compu-
tational complexity are often preferred in practice. Particularly,
in [5], [6], [7], [8], the successive convex approximation (SCA)
methods were proposed to iteratively approximate the WSR
maximization problem with a series of simpler convex prob-
lems. Alternatively, the weighted minimum mean square error
(WMMSE) method [9], [10], [11] has emerged as a widely
adopted method for WSR maximization, benefiting from its
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closed-form update in each iteration. Furthermore, algorithms
combining the WMMSE method with the alternating direc-
tion method of multipliers (ADMM) were proposed in [12],
[22] to solve the QoS-constrained WSR maximization problem.
Meanwhile, alternative optimization methods were proposed
for WMSE minimization [13], [14] and WSER minimization
[17]. In [23], the bilevel optimization method was introduced to
maximize the resource efficiency. However, existing precoding
schemes, especially linear precoding methods, still have several
principal limitations.

First, current approaches suffer from high computational
costs, especially in systems with a large number of users and an-
tennas. In particular, the SCA methods [5], [6], [7], [8] require
solving a series of convex problems through standard numerical
algorithms, e.g., interior-point methods. Similarly, the bilevel
optimization methods [23] have to repeatedly solve its subprob-
lems via uplink-downlink duality (UDD) or fixed-point iteration
(FPI) methods [2], [18], [19]. Despite their satisfactory perfor-
mance, the computational complexity of these methods is pro-
hibitive due to the absence of closed-form iterative steps. The
WMMSE methods [9], [10], [11], though possessing closed-
form updates, require repeatedly computing matrix inversions,
each with a computational complexity at least scaling cubically
with the number of users [11], hindering their implementa-
tion in practical systems. Some studies simplify the problem
by fixing the direction of precoding matrix, e.g., zero-forcing
(ZF) precoding [3], which, however, results in performance
degradation.

Second, another limitation of existing linear precoding meth-
ods is their lack of generality and insufficient consideration of
QoS constraints. Specifically, most algorithms are tailored to
maximize a specific system utility, i.e., particular performance
metrics that the system aims to optimize. For example, the
WMMSE algorithm is designed for WSR maximization, relying
on a specific logarithmic objective function [9]. Similarly, SCA-
based methods are inherently problem-specific [5], [6], [7],
[8], [17], often requiring case-by-case derivations and yielding
solutions that vary significantly even for the same objective
[51, [6], [7], [8]. Furthermore, many of these methods fail to
explicitly incorporate QoS constraints, which are crucial for
ensuring reliable communication [2]. Conversely, precoding
designs that do account for QoS typically rely on complex,
iterative algorithms with prohibitively high computational over-
head [12], [22], [23], [24], [25]. For instance, when user QoS
constraints are included, the WMMSE algorithm no longer has
a closed-form update, and each iteration requires solving a
high-dimensional optimization problem [12], [22]. This crit-
ical gap highlights the need for a more efficient and unified
precoding framework that can accommodate diverse perfor-
mance criteria while simultaneously satisfying practical QoS
requirements.

This paper presents an efficient and unified framework for
downlink linear precoding design to maximize system utility
under sum power and QoS constraints. The proposed frame-
work can be applied to various system utilities, and its compu-
tational complexity is an order-of-magnitude lower than that of
existing methods in each iteration.

The main contributions of this paper are outlined as follows.

e We consider a unified linear precoding design in down-
link multiuser systems under a variety of commonly used
system utility functions, such as WSR maximization and
WSER minimization, and formulate the precoding design
problem as a general utility maximization problem with
QoS constraints. Then, we reformulate this precoding de-
sign problem into an equivalent low-dimensional SINR al-
location problem and approximate it by introducing an al-
ternative feasible SINR region, which possesses a closed-
form expression. We analytically prove that this feasible
SINR region is asymptotically tight.

e We propose a novel SINR-based precoding (SBP) design
framework, consisting of two main stages: solving the
approximate SINR allocation problem, and constructing
the precoding matrix from the optimized SINR values.
Our approach efficiently solves the SINR allocation prob-
lem by using a water-filling solution in each iteration,
which dramatically reduces per-iteration complexity by
eliminating the need for matrix inversion and converges
to a Karush-Kuhn-Tucker (KKT) stationary point. For the
second stage, we develop an efficient algorithm with lower
complexity and a faster convergence rate. Overall, our
SBP framework provides a complete and highly efficient
solution for the linear precoding design.

e Furthermore, the proposed framework is extended to the
linear precoding design for interference channels as well
as broadcast and interference channels with multi-antenna
users under pre-fixed linear or successive interference can-
cellation (SIC) receivers.

The remainder of this paper is organized as follows. Sec-
tion II introduces the system model and problem formulation.
Section III focuses on the transformation to an SINR allocation
problem and the derivation of an analytical or approximate
expression of the feasible SINR region. Section IV introduces
the proposed framework and provides its convergence and com-
plexity analysis. Section V extends the proposed framework to
other applicable scenarios. Numerical results are provided in
Section VI, and Section VII concludes the paper.

Notation: Bold lower and upper case letters denote vectors
and matrices. The superscripts (-)*, (-)T, and (-)¥ are the
conjugate, transpose, and conjugate transpose. I, 1, %, and
0, xr are the identity, all-ones, and all-zeros matrices. For a
matrix A, [A],,,, A~!, diag(A), and || A || denote its (m, n)-
th element, inverse, a vector of its diagonal elements, and its
Frobenius norm. For a vector a, Diag(a) is a diagonal matrix
with a on its diagonal. The operators @, E[-], and | - | are the
Hadamard product, expectation, and absolute value. || - ||, and
|l - [|o are the Euclidean and infinity norms. Finally, a > b
denotes elementwise inequality and A > 0 means A is positive
semi-definite.

II. PROBLEM STATEMENT

A. System Model

Consider a downlink multiuser system comprising a BS
equipped with N antennas, serving K single-antenna users
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simultaneously. It is assumed that all users share the same
time-frequency resources. The transmitted signal is

K
X = E WSk,
k=1

where w;, € CV*! denotes the linear precoder of user & and
s, is the transmitted data of user k, which satisfies E [s;] =0,
E [|sk*] =1,and E [s}s)] = 0,Vj # k. The received signal of
user k in the broadcast channel model [26], [27], [28] is

ey

K
yr =hfx+n, =hfwis, + > hfw;s; +ny,
ik

@)

where hy, € CV*! is the channel matrix from BS to user & and
ny ~CN (0,0%) is the additive noise at user k, with o7 denot-
ing its variance. Given precoding matrix W £ [wy,--- , wg] €
CN*K | the SINR of user k is

2
[ w |

Z;;k |thWj’2 + U?

W) = k. 3)

Vi (
Without loss of generality, we assume o7 = 1,Vk.!
B. Problem Formulation

We consider a linear precoding design framework incorpo-
rating both QoS and power constraints, formulated as follows:

K
max\}vmize f(v(W)) 2 kz: fr (i (W))
=1
subject to ~ (W) > v, 4)
K
2
Z ”WkHz < Poum,
k=1
where (W) £ [31 (W), .y (W)]" and &
[Vith, - s YK tn] . Each function fj (pg) is continuously

differentiable and monotonically increasing with respect to pg.

This framework includes a variety of commonly used system

utility functions. Specific examples are detailed below:

o WSR: Assuming s is a Gaussian signal and invoking the
Shannon’s capacity formula, the achievable rate of user
k is log (1 + px). Then, the objective function for WSR
maximization problem is Zi{:l wilog (1 + px), where
wy > 0 is the weight of user k to prioritize the users.

o WMSE: Assuming that each user employs the linear min-
imum mean square error (LMMSE) equalizer, the mean
square error (MSE) of user & is (1 + pk)_l [29]. Then
the objective function for WMSE minimization problem
. K -1
is —=> o we (1 +pr) .

e WSER: For a given modulation, e.g., quadrature amplitude
modulation (QAM), the symbol error rate (SER) of user
k can be expressed as SERy, (pr) = ax Q (v/brpk), where
ag, by, depend on its signal constellation [30] and the Q

function is defined as Q (z) = (1/\/ 27r) s e=*'/2dz.In

this case, the objective function is — Zszl wipSERy, (pr)-

"For the case where o, # 1, we can set an equivalent channel flk =hyg /o
and 6, = 1.
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In addition to the system utility functions listed above, our
framework also includes other criteria, e.g., maximizing the
WSR and minimizing the weighted block error rate in finite-
block-length systems.

Note that problem (4) is usually difficult to solve due to the
non-convexity of 74 (W) and is an NP-hard problem in several
cases [21]. Besides, since the precoding matrix W possesses a
real dimension of 2N K, solving problem (4) directly entails
significant computational complexity when N K is large.

III. ANALYSIS OF FEASIBLE SINR REGION
A. Equivalent Transformation

Enlightened by previous work [19], [23], a one-to-one cor-
respondence can be established between the precoding matrix
W € CV*K and the SINR vector p = (p1,--- ,px) € RE,
Specifically, the optimal precoding matrix W* to problem (4)
is identified as the one with the lowest Frobenius norm among
all the precoding matrices that achieve the same SINR values
~ (W™*). Consequently, once the optimal SINR values p* =
~ (W) for problem (4) are determined, the corresponding W*
can be constructed. This motivates reformulating the precoding
design problem (4) as an SINR allocation problem. The trans-
formation is particularly advantageous because the objective
function is concave in SINR values and its optimization variable
p only has a dimensionality of K. Based on this principle,
problem (4) is equivalently transformed into the following more
tractable optimization problem:

maximize f(p)
P, ()
subject to PER,

where the feasible SINR region R is the set of all possible SINR
vectors -y (W) that can be realized by some feasible precoding
matrix W, given as:

R= {’Y(W)

K
"Y(W) >Pythyz|wk”§<Psum}~ (6)
k=1

The primary challenge in solving problem (5) lies in the
non-convexity of R [31]. Additionally, since R generally lacks
an analytical expression, previous work [23] has to iteratively
update p and compute W for each updated p, leading to
substantial computational complexity. If R can be expressed
or approximated analytically, problem (5) is expected to be
significantly simplified.

B. Approximation of Feasible SINR Region

Notice that p € R ensures that the minimum required power
across all precoding matrices satisfying the QoS constraints
remains within the available power budget Py,,,,. Let P (p) be
the optimal objective value of the following minimum power
(MP) problem under given user SINRs p:

K 2
minimize > wellz
{wk i-,(:l k=1

K
subject to 1+ Y |hfw;|> <p.'|hfwy|?, V&,
ik

)
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which can be transformed into a convex problem [2], [18], [19].
Then, the next result can further simplify the feasible SINR
region R defined in (6).

Lemma 1: The feasible SINR region R, as specified in (6),
can be equivalently represented as:

R=A{p|p>YnP(p) < Paum}- 8)

Proof: See Appendix A. |

As shown in Lemma 1, R can be derived from the formu-

lation of P (p). To establish a rigorous characterization of the

analytical expression of P (p), we consider the dual problem
of problem (7) as follows:

maximize

5
Ak
e, k=1

K )
subjectto I+ > Ajhyhf = p I\ hhf! k.
J#k
Let the optimal solution to problems (7) and (9) under
given user SINRs p be W* (p) £ [w} (p), -+ ,wi (p)] and
M (p) 2\ (p),--- N (p)]”, respectively. As the strong
duality of problem (7) holds [2], problems (7) and (9) share
the same optimal objective value, i.e., Zszl ||w2(p)||§:
Zle Af (p) = P (p). The subsequent result presents the re-
lationship between A* (p) and W* (p).
Proposition 1: The optimal solution A* (p) to problem (9)
satisfies

A(p)® (A*(p)+HT) = (1+T7) ", (10
where H=2[hy, -, hg] e CVXE, H2H"H,
A*(p) = Diag (A* (p)), and T 2 Diag(p). Moreover,

the optimal solution W* (p) to problem (7) is given by
* T — r— * —1 . 1
W*(p)=HH™' (H™'+A*(p)) Diag(p)’, (1)

where p £ [(—1gxxx +I+T71)© G]_l 1gyx; and G £
(A (p)+ ) o [(Ar(p) +HT) ]
Proof: See Appendix B. 0
Proposition 1 indicates that, one can directly derive the
optimal W* (p) to problem (7) from the optimal A\*(p) to
problem (9) given rank (H) = K.> Conventional approaches
for determining A* (p) usually require several iterations, each
with computational complexity of O (N 3), such as FPI [2]. To
further reduce computational complexity, we aim to discover

2In practice, when user channels exhibit strong spatial coherence, frequency
or time division is typically used instead of space division multiplexing.

whether there is an analytical expression of A* (p) or a well-
approximated A (p) € RE, thereby expediting the computation
of A* (p). For the simpler case K = 2, the closed-form expres-
sion of A* (p) is presented in Lemma 2.

Lemma 2: When K = 2, the optimal solution to problem (9)
is expressible in a closed-form as shown in (12) and (13) at the
bottom of this page, where h;; = [I:I’l] i

Proof: See Appendix C. 0

Notably, in the proof of Lemma 2, we derive the closed-form
solution to problem (9) by solving a univariate second-order
polynomial equation. Consequently, from the Abel-Ruffini the-
orem [32], it is reasonable to conclude that no closed-form
solution exists for problem (9) when K >4, as there is no
solution in radicals for general polynomial equations of degree
greater than four. Therefore, we next seek to identify a suitable
approximation A (p) for A* (p).

Theorem 1: An approximation of A* (p) is

K
by 5 3 Pri
{(p)}k—akpk - m )
J#k J

where o = [H™']px and B, = [[H'];2a; 'a;'. When
p— 00 A (p) = A (p) [l = 0.
Proof: See Appendix D. 0
Unlike previous work [33], which approximates A\* (p) in
the asymptotic regime where N, K — oo with fixed ¢ = K/N,
Theorem 1 states that A* (p) can be approximated by X (p)

vk, (14)

By
N J#k 1+p;
antee A (p) > 0. When p is large, this approximation is asymp-
totically tight. Since P (p) = 17A* (p) ~ 17X (p), an approx-
imation of P (p) follows directly from Theorem 1.
Corollary 1: An approximation of P (p) is

K K 3
_ i
P(P)éE Ok Pk I—E ﬁ )
k=1 j#k Pi

and when p — oo, |P (p) — J:D(p) | = 0.
Given the expression of P (p), the approximated feasible
SINR region is

72 {olo 0. 0 o

K K
= {p P = Yth, Z QL Pk <1 Z f:;) SP)sum}v
k=1 j#k /

(16)
3We define p — oo as ming {px} — +oo with maxy; {pr/p;} <k <
+oo for some constant k.

under the mild condition that maxy, |> < 1 to guar-

5)

pr+1
2ha

)\*( ):@( 71)+|h21|2P2*P1
1P 2 p1 2hy p2 + 1

has hial* pr — pa
3(10):7(02—1)+| | +

2hit p1+1 2hi;

(h%lhgz

p2+1
(hﬁh%z _

2h1h B [P (o1 + p2) bl (p2 = 1)’ a2
(o1 +1)(p2+1) (p1+1)2 (p2+1)2 ’
2 4 2 %
2hi1has |hia|” (p1 + p2) |hia]” (p1 — p2) (13)
(pr+1)(p2+1) (4 1) (o2 + 1)
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where ~}, needs to satisfy maxy, LZ itk lﬁY#h} <1.
7.t
Remark 1: Consider the well-known linear ZF precoding

design problem to minimize the average transmitted power:

K 2
> lIwelly
k=1

1= p;. b w2 <0,
hfiw, =0, Vk#j.

minimize
{Wk ;i(:| (17)

subject to vk,

The optimal objective value of problem (17) is P%F (p) =
Zszl arpr [3]. Interestingly, Corollary 1 can be expressed
as P (p) = P%F (p) — Y1, Z]I;k O”“l’f_’“ljjp’” , implying that the
performance gap between ZF precoding and the optimal pre-
coding for power minimization is non-negligible unless j; =
0,VEk # j, which is equivalent to the case where the columns of
H are orthogonal. The feasible SINR region with ZF precoding

is R%F = {p ‘p = Yth, ZkK:l appr < FPoum }

IV. SINR-BASED PRECODING
A. Primary Steps of SBP
The SBP framework for solving problem (4) consists of two
primary steps:
Step1: Determining the optimal solution p* to the approximate
SINR allocation problem:

maximize f(p
i ( )~ as)
subject to pER.

Step2: Constructing the precoding matrix WSBF from p*.

The core of the SBP framework lies in determining p* in Step
1. However, solving problem (18) is still challenging since R
is not guaranteed to be a convex set. To address this issue, we
first introduce the following problem:

maximize f(p)
Pz . (19)
subject to peER(Z),
where Z = (21 )k xK € RE*K is an auxiliary variable and

R(Z)é{P‘PZ’)’thyP(P, Z) SPsurn}a (20)

with P (p, Z) defined in (21) as shown at the bottom of this
page. The equivalence between problems (18) and (19) is given
below.

Proposition 2: Let (p*,Z*) be the optimal solution to prob-
lem (19). Then, p* is the optimal solution to problem (18).
Moreover, if ([), Z) is a KKT-stationary point of problem (19),
then p is a KK'T-stationary point of problem (18) when z; =

Vo) (0 +1) Vi # k.
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Proof: See Appendix E. O
Building on Proposition 2, we implement the following iter-
ative procedure to solve problem (18):

Ay = Vel e 0, kAL @)
p"t) = argmax f(p) st. pe R(Z™). (24
p

By cyclically updating Z(™) and p(™) according to (23) and (24),
p'™ will converge to a KKT-stationary point of problem (18),
as established in Theorem 4. Next, we explore efficient methods
for problem (24).

B. Optimal Solution to Problem (24)

Problem (24) can be represented as the following problem:

K
maximize > fr (pr)
P>Ytn k=1

K (25)
subject to > vk (pk) < Psum,
k=1

where i (pi) = Ay (ZM) pi, — 2By, (Z™) /pr, +
C (Z(”)) is continuously differentiable and strictly convex
with respect to pj. For simplicity, we denote Ay (Z(™),
By, (Z(")), and C}, (Z(")) as Ay, By, and C}, in the remainder
of this section.

When By =0,Vk, problem (25) can be solved using the
water-filling method [34]. In general cases, the following the-
orem elucidates the optimal properties of problem (25).

Theorem 2: If each fi (pg) is strictly concave with py, the
optimal solution to problem (25) is

pr = max {pr (%), ), Vk, (26)

and satisfies Zszl Pk (%) = Psum, where py (u) satisfies
— L (pr () + ik, (5 () = 0.
Proof: See Appendix F. |

Theorem 2 demonstrates that the optimal solution to problem
(25) admits a water-filling structure and can be readily obtained
using (26) once p* is determined. The next result paves the way
for computing p*.

Lemma 3: Let P (u)2 YK | py (max{pr (1), vin})-
Then, P (1) is a non-increasing function of p if fi (px) is
strictly concave with py.

Proof: See Appendix G. O

Based on Lemma 3, the optimal p* can be efficiently de-
termined through the bisection method and the main step of
solving problem (24) lies in determining py, (11). Subsequently,
we show how to obtain py (1) for some utility functions.

M=

P(p,Z)=
k=1

K
Ay (Z) = oy, + Zajﬁjkzjz-ka B (Z) =

J#k

A (Z) pr. — 2By (Z) /pr + Ci (Z),

ey

K K
> anBrizeg,  Cu(Z) = ;B
Jj#k J#k

(22)
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1) Maximize the WSR: As detailed in Section II, for this sce-
nario, fi (pr) =wilog (1 + p). The closed-form expression
for py (1) can be derived from Theorem 2, as stated in the
following corollary.

Corollary 2: The function py, () for the WSR problem is

AR () = (BpAy) a3, @7

where T =1aX;j=123 {,uBk — §JDk — ng_lezl S R},

= (—1+V3) /2 Qu=yPB} = 3pdi (A — ).
Ay = —2/1332 + 9,u2AkBk (/LAk — wk) — 27,[1,314in
Dy, = \’/(Ak + /8% - 497) /2,9

2) Maximize the WSR with High SINR: In this scenario,
Jr (pr) = wi log (pr) ~ wy log (1 + pi), which is equivalent
to minimizing the weighted geometric mean of user SINRs
(WGMS) [30] and serves as a suitable approximation for the
WSR problem when P, is large. Compared to the WSR prob-
lem, py (1) for the WGMS problem admits a simpler closed-
form solution.

Corollary 3: The function py (1) for the WGMS problem is

o
—uBy + \/ 12 BE + 4pApwy,
. @8)

Zwk

and

PRGNS (1) =

3) Minimize the WMSE: In this scenario, fy (pr)=
—wy (14 pp)~". Consequently, 52VMSE (1) is the solution of
the following equation with variable py:

W, By,
9 u(a —):0.
(1+ po)? “(’“ N

Due to its monotonicity, the unique root of equation (29) can
be determined using the bisection method. The initial range

for finding pyYMSE (1) is set as py o= Bi/A7 and pg, =

max {431%/14%, Vwr/ 2uAg) — 1}.
4) Minimize the WSER: As discussed in Section II, the

function fy (pr) = —wrarQ (\/bkpk) and ﬁXVSER (1) is the
solution of the following equation with variable py:

(29)

WkakVOE 4, 012 ( B )
———c +ulAy——)=0. 30
NI w| Ak o (30)

Similar to the WMSE problem, pVSER (1) can be
computed using a bisection method with the initial
range set as follows pp .= Bi/A% and  pp, =

1
max{4B,2€/Ai,21n<(2u\/27er) wrap Vg | /b ¢

Based on the consideration above, problem (25) can be op-
timally solved using the generalized water-filling (GWF) algo-
rithm, as shown in Algorithm 1. Specifically, in some special
situations, e.g., fr (pr) =log(1 + px) and fi (pr) =log(pr),
P (1) can be analytically obtained from Corollary 2 and Corol-
lary 3, respectively.

Algorithm 1: Generalized Water-Filling Method
(GWF) for Problem (25)

Inmput : v, Poum, €4
Output: p*
1 Initialize pg, piy;
2 repeat
30| = (et ) /2
4 Calculate P (u) according to Lemma 3;
5 if P (1) < Psum then pp = p else p, = 15
6 until 1, — pp <€,
7 Calculate p* using (26).

Algorithm 2: Modified Fixed-Point Iteration (MFPI)
for Problem (7)
Input : p, H
Output: W* (p)
1 Initialize A(¥) and n = 0;
2 repeat
3 Q) = (Diag (/\(")) + I_{_')il;
. 21
4 A — (I + Diag (p)fl) diag (Q™);
6 n=n-++1;
7 until A(® converges;
8 Calculate W* (p) using Proposition 1.

C. Constructing WSBY From p*

An essential component of SBP involves constructing WSBP
from the obtained p*. Theoretically, if p* is the optimal solution
to problem (5), then the optimal precoding matrix to problem
(4) is W* (p*), which can be computed using the FPI method
described in [2]. However, the traditional FPI method is faced
with two significant limitations: a slow convergence rate and
substantial computational complexity. To tackle these disad-
vantages, we propose a modified fixed-point iteration (MFPI)
method, as summarized in Algorithm 2.

In Algorithm 2, we modify the update rule of the traditional
FPI, which typically sets A"+ = X("*+1) 2], with an update
rule A"HD = (p+ 101) © XD — p & A to accelerate
convergence. The analysis for the convergence performance of
Algorithm 2 is presented in the following result.

Theorem 3: Let {A(™}2° be the sequence generated by
Algorithm 2. Then, A will converge to the optimal solution
from any initial point A(®) € RE*! Moreover, the following
limits of convergence rate hold

Jim rx(p) =0, lim r5(p) =1, (31
where
(n+1) _ A* 2
x
e (p) £ limsup H (p)Uz. (32)
n—oo ||A(") — \* (p)H2
Proof: See Appendix H. |
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Algorithm 3: SINR-Based Precoding (SBP) for Prob-
lem (4)
Il’lpllt ¢ Pths Psum’ H
Output: WSBP
1 Initialize p(® and n = 0;
2 repeat
3 Update Z(™ using (23);
4 Update p("+1) using Algorithm 1;
5 n=n-++1;
6 until p(™ converges;
7 Calculate W* (p(”)) using Algorithm 2;
8 Calculate § by solving (34);
9 Calculate WSBP using (33).

Remark 2: Notice that Theorem 3 reveals that MFPI achieves
a better convergence rate when p is large. Furthermore, the
computational complexity per iteration for MFPI is O (K 3),
no more than O (N?) for the FPI method in [2, eq. (57)] and
less than O (K N?) for the method in [23, eq. (30)].

Since p* is computed based on the approximate feasible
SINR region R rather than the true feasible SINR region R,
a further refinement of W* (p*) is required. We propose a
practical scaling method given by

WSEP = W* (p*) Diag(d)®, (33)

where § = [d;,- -+ ,dk] is the scaling factor chosen to satisfy
the full power constraint and maintain the QoS equalities for
weak users.

More specifically, let C,, = {k|p% = v tn } be the set of weak
users. We scale the w} (p*) with a different scaling factor /5,
for k € K,, and by a common scaling factor /3y for k & IC,,.
Then, 6 = [67, 50]T can be obtained by solving the following
linear equations:

K
Z dk]’(sk =1, Vk e K,
j=1
ok =00, Vk¢K., (34)
K
Z Pk(skr - Psum;
k=1
—1 H . * *\ 12
where dik = py, ’hk wr (p )| k€ Ky, dij =

* * 2 N * *
— [ffw (o), Wk # j and P, = [[wj (p")]2

D. Summary and Analysis of SBP

The complete procedure for the SBP framework is summa-
rized in Algorithm 3.

The analysis of computational complexity and convergence
properties is presented as follows:

1) Computation Complexity: Each iteration of the Algo-
rithm 3 has a complexity of O (K 2 + Klog, (e;l)) stemming
from the updates of Z(™ O (KZ) and p(™ O (K10g2 (e;l))
This complexity is substantially lower than that of WMMSE
O (N?) [10], RWMMSE O (K?) [11], and QoS-constrained
WMMSE O(T;log,(e,')(NK?* + K?)) with T; being the
number of inner iterations [22].
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Consequently, the total complexity of the SBP method is
O (NK? + Tsgp (K? + K log, (€,')) + Turp1K?), which
arises from determining {«, 3}, iteratively calculating the
optimized p* and constructing the precoding matrix WSBP
with Tspp and T\irpr representing the number of iterations for
calculating p* and WSBP | respectively. The total complexity
of WMMSE method and RWMMSE method is O(Tyw N?) and
O(NK? + TrK?), where Ty and TR represent the number
of iterations for WMMSE and RWMMSE, respectively. The
overall complexity of QoS-constrained WMMSE [25] is
O(Tq(NK? + T;logy(e;, ') (NK? 4 K?))) with Tg, being the
number of outer iterations. In contrast, as the low-complexity
baseline, the total computational complexity of ZF precoding
is O (NK? + Klog, (¢,')).

Remark 3: Notably, the average number of iterations Tspp
and Typpr are typically 10 and 5, respectively, while the
WMMSE-based algorithms often require over 100 iterations
to converge. To further demonstrate their convergence charac-
teristics, we have plotted the performance against the average
iteration number and running time in Section VI.

2) Convergence Issue: Note that Algorithm 3 addresses the
original problem (4) by first determining the optimal p* for
problem (18) and subsequently constructing WSBEF from p*.
Thus, the convergence lies in finding p*.

Theorem 4: Let {p(™}2°_| be the sequence generated by Al-
gorithm 3. Then, p(™ will converge to a KKT-stationary point
of problem (18) from any initial point p(*) € R if each fy, (p.)

Bhj 1
1475 th :

is strictly concave with p; and maxy [Z]I; &
Proof: See Appendix I.

Remark 4: Note that the utility functions discussed in Sec-
tion II, such as maximizing WSR and minimizing WSER,
are all strictly concave with p. Moreover, the condition

Brj

maxy [Zﬁ;k : ij,th} < 1is generally satisfied. Otherwise, we
K l,Bk]‘

can set 3’ = I3 such that maxy, {Zﬁék v~
J,th
resulting performance loss is negligible.

} < 1, where the

V. FURTHER EXTENSIONS

The SBP framework developed above is based on the broad-
cast channel model (2). In this section, we extend the SBP
framework to the interference channels as well as broadcast and
interference channels with multi-antenna users under pre-fixed
receivers.

A. Interference Channels

In multi-cell or cell-free wireless networks, each user may
not be served by all the antennas [10], [23]. For example, in
a cell-free network, each user typically connects to only a few
access points (APs), meaning that only the antennas on those
relevant APs transmit signals to the user [23]. In this situation,
the received signal at user k can be modeled as

K
Yk :thZDjszj + ng, VEk,
=1

(35)

where Dy, € R is a diagonal matrix with [Dg],,, = 1 if user
k is served by antenna n and [Dy],, =0 otherwise. Notice
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that, broadcast channel model (2) cannot apply to (35) un-
less D} =D, =--- =Dy, i.e., all the users are served by the
same antennas. To extend the SBP framework to the multi-cell
transmission, we will introduce the interference channel model
and provide a generalized result in this situation.

Consider a downlink multi-user system with K transmitter-
receiver pairs, where each transmitter is equipped with N an-
tennas and each receiver is equipped with a single antenna.
Different from the broadcast channel model (2), the received
signal of receiver k in the interference channel is

K
ye =hfiwisi + Y hilws;+ng, Yk, (36)
ik

where hy; € CN*1 is the channel matrix between the k-th
transmitter and the j-th receiver [35]. Specifically, when hy; =
hy, =--- = hyg, Vk, the interference channel model (36) de-
grades into the previous broadcast channel model (2). Besides,
by letting h;; = D;hy, equation (36) can cover the multi-cell
or cell-free scenarios (35).*

Let P'C (p) be the optimal objective value of the MP prob-
lem in interference channels:

X 2
minimize > Wz
{wi e, k=1
K
subject to 1+ > |thjwj|2 <p; ' W wil?, V.
J#k

(37

Note that hyy, # 0 must hold for all k, otherwise, problem (37)
becomes infeasible. An asymptotically tight approximation of
PC (p) is provided in Theorem 5.

Theorem 5: An approximation of P'C (p) is

Py =3 ailoe (1= > ], 069
b=l jediiky - P

— —1
where ;" = [H; 1]1,’;;1’,;;’ 5115 = (apaf®)  [[H 1}1§I£|2a
— H
Hk = (H}cc) H}CC’ H}cc = [hI}C,Im hIﬁ,lﬁ e ’hI‘Jk‘ kL
, koo
Jr ={j ;i #0}, and Z] is the index of j € J).. Moreover,
when p — oo, | P (p) — P (p)| — 0.
Proof: The proof is similar to that of Theorem 1. 0

According to Theorem 5, the SBP framework can be directly

applied to the interference channel by substituting v, and 3y

with 1€ and ﬂ,lg, respectively.

B. Multi-Antenna Users With Pre-Fixed Receivers

Consider a downlink multiuser system consisting of a BS
equipped with IV antennas that simultaneously serves K users.
In particular, user k is equipped with M}, antennas, and the BS
transmits D}, data streams to user k, where 1 < D < M,..

Since the SBP framework can be directly extended from the
broadcast channel to the interference channel, we focus on the

“In multi-cell scenario, the total interference at user k consists of the
intra-cell interference Z][;k th DD, w;s; and inter-cell interference

;;ﬁk hH(1-Dy)D;w;s;.

broadcast channel model [27]. In this scenario, the received
signal y;, € CMrX1 of user k is given by

K
ye=H{ [ Y W;s; | +ng, (39)

Jj=I

where s, = [sg.1, Sk 2, - - ,skak]T € CPr>1 is the transmitted
symbol of user k, H;, € CV*Mk is the channel matrix to user k,
Wy =Wk, , Wk p, ] is the precoding matrix for user & and
ny, is the additive Gaussian noise with n, ~ CN (0py, x1, Rk),
where Ry = E [nknkH] € CMix My

Next, we consider the two common scenarios in downlink
multiuser systems, i.e., each user is equipped with a fixed linear
receiver or a fixed SIC receiver.

1) Linear Receiver: In this scenario, the recovered d-th data
stream of user k is

K

A H H

Sk,d = 8l,a | Hy E Wis; | +ni |,
i=1

(40)

where gy, 4 € CMrx1 ig the receiver coefficient of the d-th data
stream for user k. The SINR of the d-th stream of user k is

H yH 2
K 8k, aHi W
pra ({Wih)) = 7o . ED
=t I;];IdN + g}:{degk,d
where the interference power I} is given by
K D PR 2
LIN H y1H H yyH
g = Z Z il Hy Wim| + Z |2l HY Wi
Jj#k m=1 m#d

Denote the SINR of the d-th data stream of user k as py q.
Then, the minimum power re(%ﬁuired for the targeted SINRs p £
(P11, s P1Dys "+ s PK.Dy)  can be approximated according
to Corollary 1.

2) SIC Receiver: Without loss of generality, let the decoding
order of the data streams of user k be sy 1,52, " , Sk,Dy-
Then, the d-th recovered data stream for user £ is

K Di

. H H

Sk,d = 8ra |Hg E Wij+E WkdSkm | Tk |,
J#k m>d

(42)

where g, 4 € CM+*1 is the receiver coefficient of the d-th data
stream of user k. The SINR of the d-th data stream of user & is
2

H p1H
\gkﬁde: Wk,d

= 7SI )i )
Y+ g Rigr.a

Pk.d ({Wk}kK:I) (43)

where the interference power [ Elg is

K D; 5 Dy, 5
sIC _ H yrH H yyH
Ia = E E }gk,de Wj.,m| + § |gk,de Wkm| -
j#£k m=1 m>d
Similar to the linear receiver scenario, the minimum power

required to achieve the target SINRs with fixed SIC receivers
can be approximated according to Theorem 5.



284

30 T T T

s ——+— Upper-Bound P7 () |
= —#— Approximated P(p) (Prop.) ®
g —— Optimal P(p) using FPT
S 20 [| —o— Optimal P(p) using MFPI (Prop.) 7
el
2
Eor
123 2
= &
o
[= 0@ |

0 1 2 3 4 5 6 7 8 9 10

(a) Approximate value under different p

:
g —————————————————————————————————— e
T
I
_—
8
©
E 3
£ 02k [T P ]
g ——[B(p) - Plp)] !
2 — === P"(p) = P(p)| (p = )
‘ ‘ i ‘ ‘ ‘ ‘ s s
0 1 2 3 4 5 6 7 8 9 10
(dB)

(b) Approximation absolute error under different p

Fig. 1. Approximation performance of P (p).

VI. NUMERICAL ANALYSIS

In this section, we numerically evaluate the accuracy of the
proposed approximation and verify the performance of the pro-
posed SBP framework under different criteria. In the simula-
tion, we employ QuaDRiGa [36], [37], [38] to generate the
channel matrix H, where the “3GPP 38.901 UMa NLOS” sce-
nario is considered. The BS is located at 25 m high and consists
of a uniform planar array (UPA) with N = N,, X N;, antennas,
where N, and N}, represent the number of the antennas at
each vertical column and horizontal row, respectively. Users
are randomly located in the cell with a radius of 250 m. Unless
otherwise specified, we set N =4 x 8, K =8, v n = 1, VE,
and each user is equipped with a single antenna.

A. Approximation of R

In this subsection, we examine the accuracy of the proposed
approximate feasible SINR region R, which primarily depends
on the approximation performance of the proposed P (p). Fol-
lowing a similar approach to [11], we set the noise power to
be equal for all users, given as o7 = 107% Zizi logillhxllm
10~ ", where SNR is the average received signal-to-noise
ratio without precoding, with a default value of 15dB.

First, we validate the accuracy of our proposed approxima-
tion, Is(p), and verify our theoretical analysis of ZF precoding
in Remark 1. We plot our approximation and the ZF solution
against the true optimal value, P(p), obtained from MFPI or
FPI [2] with p = p1 k. From Fig. 1(a), it can be observed that
P (p) provides a precise approximation to P (p). Furthermore,
Fig. 1(b) shows that the gap between P (p) and P%Y (p) tends
to a constant C' while the gap between P (p) and P (p) van-
ishes, where C' = 31, Zj;k ay Bk according to Corollary 1.
This indicates that ZF precoding is not asymptotically optimal
for the power minimization problem.

Next, we compare the convergence performance of the pro-
posed MFPI and FPI. In Fig. 2(a), we compare the optimality
gap of problem (7) using MFPI and FPI from different initial
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Fig. 2. Convergence performance of MFPI and FPIL.

points, i.e., A =0x,; or A (p). It can be seen that MFPI
achieves an optimality gap of 10~!? in 6 iterations, whereas FPI
requires 35 iterations when A = X (p). In Fig. 2(b), we plot
the average number of iterations needed to reach an optimality
gap of 107>, As p increases, the average iteration number for
FPI rises sharply. In contrast, the average iteration number for
MFPI decreases, confirming the validity of Theorem 3. Further-
more, even in low-SINR scenarios, MFPI algorithm converges
much faster than FPIL.

Then, we examine the gap between the true SINR region R
defined in (8), the approximate SINR region R defined in (16),
and ZF precoding SINR region R%F defined in Remark 1 under
different values of Psy,,. We consider a simple 2 x 2 multiuser
case, where R can be analytically obtained from Lemma 2. In
the simulation, let ai =1, H be

H-— —0.3430 — 0.0168j —0.7667 + 0.6843j
| 1.6663 + 0.3042j 2.6355 4 0.0558j |’

and i tn = —3dB, Vk. In Fig. 3, we illustrate the boundaries
of R, R and R?F. It is evident that R provides the closest ap-
proximation to R, with the gap diminishing as Py, increases.

B. WSR Performance

In this subsection, we provide a comprehensive performance
evaluation of the proposed SBP method for WSR maximization
with Psyp = 10W.

Fig. 4 compares the convergence performance of the pro-
posed SBP and WMMSE-based methods with outer iterations.
In particular, we refer to WMMSE w/o QoS as the method
proposed in [9], and WMMSE w/ QoS as the method proposed
in [22], respectively. We also compare with the ZF method for
WSR maximization [3]. For this simulation, we set SNR = 25
dB, wyp =1,Vk, K =N/2=16, and use the ZF precoding
matrix W2F satisfying v (WZF) = ~;p, for initialization. From
Fig. 4(a), it can be observed that SBP requires a few iterations
to converge, whereas WMMSE-based methods require nearly
hundreds of iterations. As shown in Fig. 4(b), it is evident that
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Fig. 4. Convergence of WSR with different algorithms.

SBP and WMMSE w/ QoS can guarantee the QoS require-
ments, while WMMSE w/o QoS fails to meet these constraints,
with the minimum user SINR dropping close to zero. Although
WMMSE w/o QoS achieves a slightly higher WSR, this is an
expected outcome because it does not consider QoS constraints,
thereby expanding its feasible solution space.

Notice that the average number of outer iterations may not
reflect the actual convergence speed of different algorithms,
since the computational complexity of each iteration is also
critical. To provide a more practical comparison, we plot the
WSR performance of the algorithms as a function of CPU time
in Fig. 5. The results clearly show that the proposed method
exhibits the fastest convergence. In contrast, the WMMSE w/
QoS baseline requires substantially more computational time,
since it requires solving a high-dimensional convex optimiza-
tion problem in each iteration.

Fig. 6 assesses the SBP algorithm’s performance across
different QoS profiles by plotting the per-user rate 7 =

o
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log (1 + 74 (W)) for a fixed channel realization. We compare
two distinct scenarios: a homogeneous profile with a uniform
QoS target (yx,tn = 1,Vk) in Fig. 6(a), and a heterogeneous
profile with mixed targets in Fig. 6(b), with (v = 1,VEk <
4) and (ygn = 3,V5 < k). The proposed SBP algorithm can
guarantee all QoS requirements in both settings. The WMMSE
w/o QoS method, however, fails to meet these constraints, often
sacrificing some users by suppressing their rates to zero.

Fig. 7 evaluates the WSR performance as a function of SNR
for different methods with wy, = 1,Vk. As the figure demon-
strates, the proposed SBP method performs almost identically
to the WMMSE w/ QoS method. Moreover, SBP and WMMSE-
based algorithms exhibit similar WSR performance when SNR
is high, as shown in Fig. 7(a) and 7(b), respectively.

In Fig. 8, we also investigate the WSR performance with
multi-antenna users, where we set wyp =1, M, =D, =2,
and the SINR threshold of each data stream of user k
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Fig. 8. WSR performance with multi-antenna users.

is set as 7y ¢h = 2¢=1/Dr _ 1. We also include the block-
diagonalization (BD) method [27] as a low-complexity bench-
mark. In this scenario, the user antenna type is “3GPP-3D”
and the pre-fixed linear receiver G = [g. 1, gk 2] € C**?is the
right eigenvector matrix of Hj, corresponding to the Dy, largest
eigenvalues. It can be observed that the proposed SBP method
can achieve nearly the same performance as WMMSE w/ QoS
method.

Fig. 9 shows the average CPU time of SBP, WMMSE w/o
QoS, WMMSE w/ QoS, RWMMSE [11], and ZF for the WSR
maximization as a function of the number of BS antennas N.
In the simulation, we set N € {32, 64, 128,256,512} and K =
N/4. The average CPU time is measured using MATLAB on
an Intel Core i7-13700K. As illustrated, SBP holds a significant
computational advantage over conventional WMMSE-based al-
gorithms, since they possess a higher per-iteration complexity
and usually require a large number of iterations to reach a
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Fig. 10. WSER performance with single-antenna users.

solution. Furthermore, WMMSE w/ QoS exhibits the highest
complexity, as they need to solve a high-dimensional optimiza-
tion problem. When compared with the low-complexity ZF pre-
coding, our SBP algorithm achieves a significant performance
gain at the cost of an acceptable increase in computational
complexity.

C. WSER Performance

In this subsection, we analyze and present the performance
of the SBP method in terms of the WSER metric.

Fig. 10 compares the average WSER performance of several
algorithms under a sum power constraint, assuming quadrature
phase shift keying (QPSK) modulation and uniform weights
wy = 1/ K. The evaluated algorithms include our proposed SBP
algorithm, designed to minimize WSER under QoS constraints,
and two methods based on the quadrature transform (QT) from
[39]: one that minimizes WSER with QoS constraints (denoted
as QT w/ QoS) and another without QoS constraints (denoted
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as QT w/o QoS). We also consider the constrained MMSE
(CMMSE) precoding [17], which approximates the WSER min-
imization with a WMSE minimization problem, and ZF pre-
coding for WSER minimization with QoS constraints. Besides,
Fig. 11 shows the average WSER under multi-antenna users
scenario using the same simulation parameters as Fig. 8. As
we can see, the proposed SBP achieves nearly identical perfor-
mance to the QT-based methods.

Fig. 12 plots the per-user rates for the WSER minimiza-
tion problem under various QoS constraints. It is observed
that, unlike the WSR maximization shown in Fig. 6, WSER
minimization seldom sacrifices some users to enhance over-
all system performance, thereby making the WSER perfor-
mance under QoS constraints similar to that without QoS
constraints.

VII. CONCLUSION

In this paper, we developed an efficient and unified frame-
work for linear precoding design in downlink multiuser systems
that accommodates various utility functions while ensuring QoS
requirements under a sum power constraint. By analyzing the
minimum power problem, we proposed an approximate SINR
region that closely estimates the true SINR region, enabling
us to transform the high-dimensional precoding design into a
more manageable low-dimensional SINR allocation problem.
Our SINR-based precoding (SBP) framework converges to a
KKT-stationary solution and has been successfully extended to
the interference channel and multi-antenna users scenario with
pre-fixed receivers, achieving an order-of-magnitude reduction
in the computational complexity in each iteration. Extensive
simulation results demonstrate that our method achieves near-
optimal performance comparable to existing methods while
significantly reducing computational complexity.

APPENDIX
A. Proof of Lemma 1

Let R={p|p > v, P (p) < Psum }- Then, we only need
to prove that R = R.

Select arbitrary y (Wo) € R, then P (v (Wy)) < [|[Wol|5 <
Pyum according to the definition of P (p). Since v (Wo) > “in,
we obtain v (Wj) € R. Combined with the arbitrariness of
~ (Wp), we have R C R.

On the other hand, for any py € R, let ‘W be the optimal so-
lution to problem (7) with QoS threshold py. Then, v (W) =
po holds [2]. Besides, we have P (pg) = ||W(§Hfm < P,um and

v (W§) > 7tn. Consequently, we obtain py € R and RCR.

Then, we have R =R since R C R and R C R, which
completes the proof of Lemma 1.

B. Proof of Proposition 1

Denote A = [\, Ay, -+, A qu and update function U (\) =
U (N), Uy (N),--- ,UK (A) , where Uy, (A) is

Pk

Uk(/\>é1+pk

b (1+HAH?) 'hy| (44)

According to [2], A* (p) is the unique fixed-point of U (\).
Moreover, hf! (I+HAH)  h;, can be simplified into

(H'+ A)il]kk, according to the equation (I + AB) ™' A =
A (I+BA)"". As aresult, we have

M) @A) =P vk 45
which is equivalent to A*(p)® (A*(p) + I:I*I)f1 =

(IJrI‘*l)fl. Moreover, the expression of W* (p) can be
derived similarly to the method in [2], and thus the proof of
Proposition 1 is completed.
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C. Proof of Lemma 2

When K =2, (A* + I:I*I)f
pression, which is given by

1
possesses a closed-form ex-

(A +E) 1 s
(AT + hi) (A3 + haz) — |hai
A +hn  —hp
8 [ —hai )\T—th] ' (46)

For simplicity, let A} (p) and A} (p) be At and A3, respec-
tively. According to Proposition 1, AT, A3 is the positive solution
of the following equations

ATAS + hap AT — prhi Ay = pi (hnhzz - |h21|2)

L@
AAS + Rt As = pohao AT = po (huhzz — |hai] )

Subtracting the second equation from the first equation in the
(47), we obtain

hir (1+ py) (p1 = p2) (hnhzz - |h21\2)

has (14 p2) hay (1 + p2)
Substituting (48) back into (47), we find that A} is the pos-

itive root of a second-order polynomial, which can be derived

analytically as in (12). Similarly, A} can be derived. The proof
of Lemma 2 is completed.

A= (48)

*
2

D. Proof of Theorem 1

Lemma 4 ([40]): Let P € CN*N and suppose that
lim,, oo P" =0xnxn. Then I — P is non-singular and

S

n=0

(49)

We denote A* (p) as A* for simplicity. According to Propo-
sition 1, the optimal solution to problem (9) satisfies

(1+5") " =i (A" =D)7] |
_ Ak
S AL+ [ET,
where D=H !0 Ixyxg, A=A*(p)+D, D=D -H .
Rearranging (50), we obtain

AL 1

[(1— f)[r')’lhk, (50)

- _ — . (5D
[F1],, on [(I —DA-!) Lk (P + 1) — pi;

From the KKT condition of problem (7), A} > [P_I} _kl Pk-

Then lim, oo A~' =0xxx according to 0< [I_X_l]]kk <

(pr [H] ;kl + [H!] i)' As aresult, when p is large enough,

the maximum singular value oy (DA™") < 1, which indi-
cates that lim,,_,oc (DA™")" = 0xxx. So
_
I [ I- DA } 1) —
Jim | ( ) |, (et 1)

@ . Si-nyn] ©
_ph_>ngol+(pk—|—1)2_:2{(DA )Lk_ 1,
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where (a) holds due to []jA*I}kk:O,Vk and (b) holds
due w0 |57, [(DATY)"],, | <305, [[(DAT) ]| <
S, HDHFman el o™ =0 (p71) . As aresult, we
=1, Vk

have hmp_,oo W
Applying Lemma fl again, we have

L+ (px + 1) ) [(DATH"],
n=2

Q14 (ot 1) [DAT'DAY], +o(p7")

K —
pr+ 1 |[D]x; | .
+ _ — + o0
A+ [ Z N [E, (™)

=
|

(4) -1
=14+ +o0
(pe+1) j:l 1 i (e7)
/Bk] 71
9y Z ). (52)
e
where () holds because [> o7, [(DA~")"] | <

s [[(DAT)] | = 5575 D maxiZy 1l ™ o, =
0(p7?), (d) holds due to (N} +ar)” — (ak +apr)” ' =
(arpr = Xg) / (prAf + arXf + ajpe + o) =o(p~') and
(e) holds due to [D] o = 0, Vk. According to (51), we have

Qg pk

L+ 30 2 4 0(p)

M= =k +o(1).  (53)

The last equation holds due to (1 +2) ' =1 — z + o (z). The

proof of Theorem 1 is completed.

E. Proof of Proposition 2

First, P (p) can be rewritten as
P(p)

(i) mmZakpk +Zzakﬂk] p]

k=1 j#k

(Ak (2) pr. — 2By (Z) \/pi. + C. (Z))

2W3ka)

)ij

K

"U>ﬁ
—~

(54)

min
Z
i Z
min P (p, Z)

where Z = (z1,;) k x k € RE*X and (a) holds according to the
following transformation [39]:

=max2y/M (x)z — N (x

z€R

M (x)
N (x)

(55)

As a result I5A(p) < P(p,Z) for any Z e R"*K and equa-
tion P (p) = P (p, Z) holds when z;; = \/pi/ (p; +1),Vj # i.

= 0. For
any vector-valued function g (p), we define o (g (p)) £ o (maxy, {gr (P)})-

3For any function g (p). o (g (p)) is defined as limp_ 00 O(gg((pt;))
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Then, an equivalent expression of R is

= {p|p > Pth, p (p) < Psum}

={plp = pumin P (p.2) < Pan b= |J R(2).
ZERK XK
(56)

This implies that the optimal p* to problem (18) is also the
optimal solution to problem (19). To further investigate
the relationship between the KKT-stationary point of
problems (18) and (19), we consider the KKT condition
of problems (18) and (19). Denote the Lagrangian function

of problem (18) and (19) be Lo (p,u,v)=—f(p)+
(P (p) = Pam) + v (p— ) and Ly (p,Z,p,v) =
—f(p) + 1(P (p.Z) — Psum) +v"(p — ¥en), respectively.
Notice that when zj; = \/pr/ (p; + 1), we have
- . P(p,Z)=P(p).
Don Ox (p.Z)=P(p)

Let ([), Z, /1,17) be a KKT point of problem (19) satisfies
Zi; =+/pi/ (p; + 1), then (p, f1,v) satisfies the KKT condi-

tion of problem (18) since aLoéﬁ’ﬁ’”) BL'(g’pzk’“ ) =0 and

k
i (15 (p) — Psum> = (]3 (p,Z) - Psum) = 0. The proof of
Proposition 2 is completed.

FE. Proof of Theorem 2
The KKT condition of problem (25) is given as follows:

—fr (0%) + 1Py (Pk) — vk =0, VE, (57)
K
/J* (Zpk (PZ) - Psum) = Oa (58)
k=1
V% (Pk — Ykn) =0, V&, (59)
p;; - pk‘,th Z 0) Vka (60)
K
Zpk (pk)_Pbum<Oa (6])
k=1
1w >0, (62)
v >0, Vk, (63)

where ;1* and v} is the dual variable of Zszl Pk (pk) < Psum
and pj > p tn, respectively.

We first prove Zszl P (p%) = Psum by contradiction. If
Zle Pk (p%) < Psum, according to (58), we have p* =0.
Replacing p* with 0 in (57), we have f; (p;)= —v; <0,
which contradicts the fact that fj (px) is an increasing func-
tion. If pi > p th, then vj = 0. Otherwise, vy = — f1. (Pk.tn) +
1 pk (pr,en). Define hy (px) = —f7, (p) + 1*pj, (p), then
hi (pr) is monotonically increasing over pg. In this case,
pr (W) =h"1(0) <h~!'(v*) = prn. Then the p} can be
summarized as pj = max {py (4*), V,tn }. Then the proof of
Theorem 2 is completed.

G. Proof of Lemma 3

Observing that p, (1) is a decreasing function over p is
equivalent to for any up > py >0, pr (1) > pr (12) holds.

Combined with p}. (4 (p1)) > 0 and py, (P (p2)) > 0, we have
0=—fi (pr (12)) + p2p} (Pr (12))
= —fr (P (1)) + 11}, (Pr (1))
< = [ (i (1)) + p2pye (e (1)) - (64)
As  function —f] (pr) + w2}, (px) is  monotonically
increasing over pg, we have pg (1) > pr (u2). Let

Pr (1) = max {7V tn, r (1)}, 80 pr (1) is non-increasing over
. Although we do not require that py (px) is monotonically
increasing for all pg, > vk th, Pk (Pr (1)) is still non-decreasing
over /1> 0 since pj, (pr (1)) >0 for any 1> 0. As a result,
P () = S5, i (max (i px (1)}) i a non-increasing
function of u. The proof of Lemma 3 is completed.

H. Proof of Theorem 3

1) Convergence of {A\™}°_ : The update rule of A(»+1)
is given as A =V (A =(p+1)0U (A™) - po
A, where U () is defined in Appendix B. Notice that the
k-th element of V() can be equivalently transformed as

Vi (A) = pi [y (T+ H{GA g Hyy) " 'he] ™', (65)
where Hyy 2 [hy, - by by, hgl and
Ay =Diag (A, -+, A1, Akg1, -0, AK). It s easy to

check that V' () is a standard function in [2], thus {A(™)}22
can converge to the optimal solution from any initial point.

2) The Analysis of Convergence Rate for {\™}> and
{A(M}ee - For simplicity, we denote A* (p) as A*. According
to the Lagrange’s mean value theorem, we have

= [lr () (=3

¥ ()‘(n)ﬂij = 0Ui (M) /8)\j|>\:m_,»(>\(">)’

ni; (A™)) is some point between A* and A(™). As a result,

Hj\(n+l) —A*

(66)

where where

5\(n+1) _ )\*”2
i (FO)) < X=X )
7 (( ))— A —x, =° (( >)
(67)
Specifically, we define [F*],, £ 9U; (\*) /O\; = -2 (G,

where G is defined in Proposition 1. To investigate the behavior

of E]]J when p — 0o, we define B £ (A* + I:I’l)f1 and then
[G],,; = | [B];; I*. According to Lemma 4,
B=(A""—(A)T'TH ' (A)  +o(p7?),  (68)
then Eg}]” — 035, where ;5 = 1,Vi = j and 0;; = 0,Vi # j. As
a result, %g% — 0;5. Let omax (A), Omin (A) denote the max-

imum singular value and the minimum singular value of A,
respectively. Then, an upper bound and lower bound of con-
vergence rate 7’5 (p) is Omax (F*) and oin (F*), respectively.
It is easy to check that

lm opin (F*) = lim opax (F*) = 1.

p—00 p—r00

(69)
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Similarly, in the case of MFPI, the upper and lower
bound of 7x(p) iS Omax (M*) and opin (M*), where
= (Diag (p) + I) F* — Diag (p). Applying (68), we have
lm oy (M*) = lim opax (M) =0. (70)

p—r00

p— 00

The proof of Theorem 3 is completed.

1. Proof of Theorem 4

Lemma 5 ([41]): Let ¢: X — ) be a continuous corre-
spondence between topological spaces with nonempty compact
values, and suppose F': X x ) — R is continuous. Define the
value function m (x) by

m(x) = max F (x,Z),
YEP(x)

and the correspondence of maximisers by
n(x)={Z€¢(x)|F(x,Z)=m(x)}.

Then, the value function is continuous and the correspondence
7 (x) is upper hemicontinuous and has nonempty compact
values.

F1rst we consider the trivial scenario that R is a singleton,
i.e., R = {ptn}, which is equivalent to P (ptn) = Psum when

itk lik;j] < 1. In this case, {p™} ™

generated from Algorithm 3 is actually p(™) = py;,, which is a
trivial stationary point of problem (18) in this case.

Consider the the non-trivial scenario that R is not a singleton,
ie. P (pth) < Psum- In this case, Ris a compact set since it
is closed and bounded. According to the procedure of Algo-
rithm 3, { f (p(”))}:i1 is a non-decreasing sequence with non-

trivial upper bound f"P = max f (p). So, {f (p(" )}n_]
is convergent and let lim,, o f (p(”)) = fo. As a result, there
exists a subsequence { p(mi) };il that converges to some p € R,
satisfying f (p) = fo.

Next, we prove that {p("+D}> s convergent, which
is mainly based on Lemma 5. \Vithout the need to check
the continuity of the correspondence R( ) on REXK we
only need to consider the continuity on Dz, where Dy =

Uper {2112 = v/ (14 py) Yk # 5 |
since it is the continuous map from the compact set RtoREXK,
The continuity of R (Z) consists of the upper-hemicontinuity
(UHC) and lower-hemicontinuity (LHC) on Dz. The UHC
of R (Z) follows from the fact that the graph of R (Z) is
closed and locally bounded on Dz. In terms of LHC, for ar-
bitrary point Zy € Dz, assume G is an open set satisfies G N
R (Zy) # @. Select any py € 7@(Z0) NG. If P (po) < Psum,
then choose U = {Z|IAD (po, Z) < Psum}

p1 € G satisfies P (p1,Zy) < Psum and po # p1 > ~en and set
U= {Z|1f’ (p1,Z) < Psum}. Note that there exists p; satisfies

condition above unless py =, and P(po) = P,um, which
conflicts with the assumption that P (vth) < Psum. Since U
includes an open neighborhood of Z and for every Z € U, we
have p; € R (Z) NG # @, then R (Zo) is LHC at Z,. Com-
bined with the arbitrariness of Zo, R (Z) is LHC over Dz. As a

Pth sat1sﬁes maxg |y,

is a compact set

. Otherwise, select
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result, by applying Lemma 5 the correspondence of maximizers
is hemicontinuous. Moreover, since f (p) is a strictly concave
function, the correspondence is a singleton. Then we obtain the
following limits:

(71)

lim arg
j—>00

max

max f(p)=arg max f(p),
peR(Z™3))

pGR(Z)

where [Z] =pi? (p; +1)". This limit reveals the con-

vergence of the sequence {p! "J+l)} . Denote the limit
of { p n;:rl)}j:1 is p. Th:on, we will show that sequences
{p(”ﬂ')}j:1 and {p(" TV} " converge to the same point.

Since Paypy > P (p(”j“), Z(”J')) holds for all j when p(®) €
R and when j tends to oo, we have Psyy, > P ([), Z). As
a result, peR(Z). As {f (p(”))}zo: converges to fo,
limj_so f (p(”f“)) = f(p) = fo, which means p is the so-
lution of the following optimization problem:

f(p)
subjectto p € R (Z) .

maximize
P
(72)

According to the condition that the objective function f (p) is
a strictly concave function, then the solution of (72) is unique,
. ~ = (n+k) [ee) .

ie., p=p. As aresult, sequence {p("s }j:l will converge

to p forany k£ >0, i.e., {p(")}:f:1 will converge.

According to the uniqueness of p, p satisfies the KKT con-
dition of problem (72). Replacing ¥,; with }/; , We can prove
that p satisfies the KKT condition of problem (18), thus the
proof of Theorem 4 is completed.
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